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Genome-wide association studies (GWAS)
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Genome-wide association studies (GWAS)

Given:

» Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers
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Genome-wide association studies (GWAS)

Given:

» Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers

» Phenotypes for the same
individuals
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Genome-wide association studies (GWAS)

Given:

> Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers

> Phenotypes for the same
individuals

» common diseases (qualitative)
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Genome-wide association studies (GWAS)

Given:
> Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers

> Phenotypes for the same
individuals

» common diseases (qualitative)
» height, BMI, ... (quantitative)
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Genome-wide association studies (GWAS)

Given:
> Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers

> Phenotypes for the same
individuals

@ uone|ngai @

» common diseases (qualitative)
» height, BMI, ... (quantitative)

Goal:

» Identify causal loci that explain phenotypic differences.
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Given:
> Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers
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» Identify causal loci that explain phenotypic differences.

» Use linked markers
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Genome-wide association studies (GWAS)

Given:

> Genotype for multiple individuals

» Genome-wide single nucleotide
polymorphism (SNP) markers

> Phenotypes for the same @ IAnkai.;'® @

individuals

» common diseases (qualitative)
» height, BMI, ... (quantitative)

@ uone|ngai

Goal:

» Identify causal loci that explain phenotypic differences.
> Use linked markers




Challenges |

Population structure

Population-based sampling of hu-
mans, plants or animals.

Arabidopsis distribution
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Challenges |

Population structure

Population-based sampling of hu-
mans, plants or animals.
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Challenges |

Population structure
Population-based sampling of hu-
mans, plants or animals.

> False positives due to population
structure

Arabidopsis distribution
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Challenges |

Population structure

Population-based sampling of hu-
mans, plants or animals.

> False positives due to population
structure

» Take varying degrees of relatedness
into account.

Arabidopsis distribution
+ Accession collected
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Challenges |

Population structure
Population-based sampling of hu-
mans, plants or animals.

> False positives due to population
structure

» Take varying degrees of relatedness G
into account.

Arabidopsis distribution
+ Accession collected
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Challenges Il

Study power

» Studies of tens of thousands of
samples require efficient
algorithms
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Study power

» Studies of tens of thousands of
samples require efficient
algorithms

» High polygenicity of quantitative
traits and common diseases
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Challenges Il

Study power

» Studies of tens of thousands of
samples require efficient
algorithms

» High polygenicity of quantitative
traits and common diseases

» better modeling of complex
traits

» Aggregating weak effects and
effects of rare variants
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Genome wide association studies (GWAS)

» ldentify associations
between variable genetic loci
and phenotypes.

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
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Genome wide association studies (GWAS)

» ldentify associations
between variable genetic loci
and phenotypes.

. .. : . T
» Linear and |OgIStI C ATGACCTGAAACTGGGGGACTGACGTGGAACGGT
X ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
regression ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
H ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
» Statistical de pen dence ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

tests x
(F-test, likelihood ratio) s

phenotype

N(y| XB, o)
N(y|0,0°I)




Population stratification

» Confounding structure leads
to false positives.
» Population structure

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.
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Population stratification

population structure

> Co n fo u n d i n g St ru Ct u re I ea d S ATGACCTG‘AAAL A‘CTGACGTG(‘;AACGGT SNPs

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

to fa |Se p05|t Ives. ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
[ATGACCTGAAACTGGGGGATTGACGTGGAACGGT | H

H ATGACCTGCAACTGGGGGATTGACGTGCAACGGT |
> PO p u I a t on St ru Ct ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

X
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Population stratification

» Confounding structure leads
. T T T SNPs population structure
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] family structure
to fa |se poslt l Ves . ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

» P I | n ri r ATGACCTGAAACTGGGGGATTGACGTGGAACGGT g
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Population stratification

» Confounding structure leads
© T r v SNPs population structure
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] family structure
to fa |se pOSIt I Ves . ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relatedness
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

» P I | n ri r ATGACCTGAAACTGGGGGATTGACGTGGAACGGT g
0 p ula t 0 St u Ct ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT 2|

> Fa m | |y St ruCt ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

X
» Cryptic relatedness /
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Population stratification

» Confounding structure leads
© T r v SNPs population structure
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] family structure
to fa |se pOSIt I Ves . ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relatedness
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

» P I | n ri r ATGACCTGAAACTGGGGGATTGACGTGGAACGGT g
0 p ula t 0 St u Ct ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT 2|

> Fa m | |y St ruCt ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

. X
» Cryptic relatedness 3 /

N (y|XB;021)



Population stratification
GWA on inflammatory bowel disease (WTCCC)

» 3.4k cases, 11.9k controls



Population stratification
GWA on inflammatory bowel disease (WTCCC)

» 3.4k cases, 11.9k controls
» Methods

> Linear regression
> Likelihood ratio test



Population stratification
GWA on inflammatory bowel disease (WTCCC)

temp.tab

Observed Log P valt
B
N

» 3.4k cases, 11.9k controls PR SN S S S
Expected Log P values
» Methods

> Linear regression
> Likelihood ratio test

temp.tab

0
0 01 02 03 04 05 06 07 08 09 1
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Population structure correction
Genomic control
Linear mixed models (LMM)
FaST linear mixed models
Dilution
Proximal contamination



Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A

median(2LR) g

A= . . :
median(x?) fo ‘
Fi
/
afb /;/
2t /7
A=1.409
2 4 14 16 18 20

temp.tab
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Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A :
median(2LR) .
A= S TENG T 3, »
median(x?) %o £
» X\ = 1: Calibrated p-values D2
» A > 1: Inflation N L)

» )\ < 1: Deflation

temp.tab
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Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A :
median(2LR)
A= S TENG T 3, »
median(x?) %o fo
i/
» X\ = 1: Calibrated p-values D2
» A > 1: Inflation N L)

8 10 12
> )\ < 1: Deﬂation Expected Log P values

temp.tab

» Correct by dividing test
statistic by A.
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Genomic control [Devlin and Roeder, Biometrics 1999]
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with every method.
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Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A b
median(2LR)
)\ = —2 3, v
median(x?) 5 £
i/
» X\ = 1: Calibrated p-values w4
» )\ > 1: Inflation E =]

8 10 12
> )\ < 1: Deﬂation Expected Log P values

temp.tab

» Correct by dividing test
statistic by A.

» Applicable in combination
with every method.

» Does not change
(non-)uniformity of p-values.

0 01 02 03 04 05 06 07 08 09 1

» Very conservative.



Linear mixed models (LMM)

» Kernel matrix K
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ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

SNPs
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Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data

population structure
K{ family structure

crypic relatedness

r T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT A{

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

aitance.




Linear mixed models (LMM)

» Kernel matrix K
» Estimated from SNP data
> Identity by state
> Identity by descent
» Covariance

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

population structure
family structure
cryptic relatedness

phenotype




Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data
> Identity by state

> Identity by descent

» Covariance

» Sample random effect w.

r T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

SNPs

population structure
K{ family structure

crypic relatedness
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Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data oo
. ATGACCTGARACTGGGGGACTGACGTGGAACGGT] K{ family structure
> | d ent Ity by state ATGACCTGCAACTGGGGGACTGACGTGCAACGGT (vypt\( relatedness
. ATGACCTGCAACTGGGGGACTGACGTGEAACGGT
» |dent |ty by descent ATGACCTGAAAC TGGGGGAT TGACGTGGAACGGT |
X ATGACCTGCAACTGGGGGATTGACGTGEAACGGT
» Covariance ATGACCTGCAACTGGGGGATTGACGTGEAACGGT
» Sample random effect w. > Iuw.,nzx

» Sample phenotype y. .N\,% .

phenotype X u I




Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data
H population structure
> Ident ity by state ATGACCTGAAACTGGGGGACTGACGTGGAACGGT| *° family structure
Id itv by d ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relatedness
> enti ty y aesce nt ATGACCTGCAACTGGGGGACTGACGTGCAACGGT.
. ATGACCTGAAACTGGGGGAT TGACGTGGAACGGT
» Covariance ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

» Sample random effect wu. "\
» Sample phenotype y. ’

/N(y|XB—|—u,aQI)N(u |0, 0;K)




Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data
> Identity by state : : : — . {populationslru(lure
. ATGACCTGAAACTGGGGGACTGACGTGGAACGGT K1 family structure
> Ident|ty by descent ATGACCTGCAACTGGGGGACTGACGTGCAACGGT (rypn(vela[edness
. ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
» Covariance ATGACC TGAAACTGGGGGATTGACGTGGAACGGT ‘”
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATIGACGTGCAACGGT

» Sample random effect wu.
» Sample phenotype y. \ '/“I'“Mwm

phenotype X K

N(y|XB,0.K +0°I)



Linear mixed models (LMM)

» Corrects for all levels of
population structure.

N(y|XB,0.K+0°I)

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.

population structure
family structure
cryptic relatedness
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phenotype




Linear mixed models (LMM)

» Corrects for all levels of
population structure.

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.
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Linear mixed models (LMM)

» Corrects for all levels of
population structure.

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

family structure
cryptic relatedness

G

population structure
K

distance.
g,

S

@
QN
+
3
Y

N(y|XB,0.K +0°I)

-

phenotype X K

N (yXB:o2l) N



Linear mixed models (LMM)

» Corrects for all levels of
population structure.
» ML estimation is

population structure
K fam\\y structure
cryptic relatedness

. . ; ; .
comp utational |y demandin g ATGACCTGARACTGGGGGACTGACGTGGAACGGT|
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATIGACGTGCAACGGT

N(y|XB,0.K +0°I)

phenotype

N (y[XB:0ll) N (y[XB;07K +071)



Linear mixed models (LMM)

» Corrects for all levels of
population structure.

» ML estimation is

computationally demanding
2

» Non-convex in oz and o“.

N(y|XB,0.K +0°I)

N (y[XB:0ll) N (y[XB;07K +071)

population structure
K fam\\y structure
cryptic relatedness

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

phenotype




Linear mixed models (LMM)

EMMA [Kang et al., Genetics 2008]

» LMM log likelihood

LL(,@,O'gQ,O'Q) =logN (y | X8, 02K+021).
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EMMA [Kang et al., Genetics 2008]

» LMM log likelihood
LL(,@,O'gQ,O'Q) =logN (y | X8, 02K+02I) .
» Change of variables, introducing ¢ = 02/05:

LL(B,0},0) =logN (y | XB, o (K +6I)).



Linear mixed models (LMM)

EMMA [Kang et al., Genetics 2008]

» LMM log likelihood
LL(,@,O'gQ,O'Q) =logN (y | X8, a§K+02I) .
» Change of variables, introducing ¢ = 02/05:

LL(B,0},0) =logN (y | XB, o (K +6I)).

» ML-parameters 3 and Ué follow in closed form.



Linear mixed models (LMM)

EMMA [Kang et al., Genetics 2008]

v

LMM log likelihood
LL(ﬂ,J§,02) = logN(y | X3, 0§K+02I) .

Change of variables, introducing § = 02/05:

v

LL(B,0},0) =logN (y | XB, o (K +6I)).

v

ML-parameters 3 and Ué follow in closed form.

v

Use optimizer to solve 1-dimensional optimization problem over §.



Linear mixed models (LMM)

EMMA [Kang et al., Genetics 2008]

v

LMM log likelihood

LL(ﬂ,J§,02) =logN (y | X8, 0§K+02I).

v

Change of variables, introducing § = 02/05:

LL(B,0},0) =logN (y | XB, o (K +6I)).

v

ML-parameters 3 and Ué follow in closed form.

v

Use optimizer to solve 1-dimensional optimization problem over §.
O(N?) per SNP.

v



Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 8



Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 8

Valog (y | XB, o} (K+01)) = V-5 (y—Xp) (K+3D)~" (y—Xp)
g

Og

= - [—XT (K+60) 'y + X" (K +6I)~" X]



Linear mixed models (LMM)

ML parameters
Gradient of the LMM log likelihood w.r.t. 8
VelogN (y | XB, 0z (K+6I)) = Vg-—

% (y—XB)T (K+6D)" (y— XB)

= - [—XT (K+60) 'y + X" (K +6I)~" X]

Og

set gradient to zero:



Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 8

Vo -y XB)T (K +6D)' (y - XB)

VelogN (y | XB, op (K +0I)) o
g

= 5 [—XT (K+60) 'y + X" (K +6I)~" X]

Og
set gradient to zero:
1 - -
0o = = [XT(K+5I) Ly — X7 (K +6I) 1Xﬁ]
g

X" (K401 X
BML

X' (K+6I) 'y

(XT (K +06I)"" X>71 X (K +6I) 'y



Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 8

1 _
VelogN (y | XB, op (K +4I)) = ngﬁ(nyﬁ)T(KJr(H) Yy - Xp)
g
= %[—XT(K+5I)*1y+XT (K—&-(SI)’IX}
g
set gradient to zero:
0 = %[XT(K—HSI)_Iy—XT(K+6I)_1Xﬂ]
g
X" (K4+0)'XB = X (K+4d) 'y
—1
B = (XT(K+sD'X) XT(K+oD) 'y

Note that tlhis solution is analogous to the ML solution of the linear regression
(XTX> Xy



Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. or:
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ML parameters

Derivative of the LMM log likelihood w.r.t. a:

dojlogN (y | XB, of (K +61))

35 -Zw-xeT w0 - xp)
g g



Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. a:

dojlogN (y | XB, of (K +61))

35 -Zw-xeT w0 - xp)
g g

set derivative to zero:



Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. a:

dojlogN (y | XB, of (K +61))

% X8 (K o0 (- X9)]

0= -1 [f - Xp) T (K 6y - Xﬂ)]

P = - X (K+iD) (y - XP)



Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. aé

dojlogN (y | XB, of (K +61))

_ _é [ff - % (y—XB)" (K+61)" (y— Xﬂﬂ

0 = —3[E-Rw-xeT w0 - x0)
g g
G = - XB) (K450 (y - XP)

> Note that For every SNP we need to calculate (K 4 6I)", which is an O(N?)
operation.



FaST LMM

[Lippert et al., 2011]

N(y|XB, o2 (K+6I)).
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[Lippert et al., 2011]

N(y|XB, o2 (K+6I)).

=N (y1x8. 02 (UAUT +6I) ).
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[Lippert et al., 2011]

N(y|XB, o2 (K+6I)).
=N (y1x8. 02 (UAUT +6I) ).

:N<UTy | UTXﬂ,ag(AMI)).



FaST LMM

[Lippert et al., 2011]

N(y|XB, o2 (K+6I)).
=N (y1x8. 02 (UAUT +6I) ).

:N<UTy | UTXﬁ,ag(AMI)).

N (yIXB;0lT) N (v|XB;0;K + 021)



FaST LMM

[Lippert et al., 2011]

N(y|XB, o2 (K+6I)).

=N (y1x8. 02 (UAUT +6I) ).

:N<UTy | UTXﬁ,o—g(AMI)).
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FaST LMM

[Lippert et al., 2011]

N(UTyyUTXﬁ,ag(A+5I)).

v

Factored Spectrally Transformed LMM

O(N?) once for spectral decomposition.

Exact LMM solution.

Bottlenecks: O(N?) runtime, O(N?) memory for K.

v

v

v

N (yIXB;02T) N (yXB;02K +02T) N (UTy|UXB;02%(S + dl))
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Linear mixed models

Linear regression view
» For linear similarities, a LMM is equivalent to a linear regression.

» All SNPs are used as regression covariates.

» Uncertainty about identity of true causal variants expressed by
considering a distribution over the effect sizes.

N(y|wﬁ,U§XXT+U2I).

oc//\f(y \ wﬁ+X9,a2éI) "N (010, 021)d6.
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GWAS of complex traits

» Association by linkage to
causal variant

» SNPs confounded by
population structure
creates correlation between
physically unlinked markers

» Spurious associations if not
taken into account

> Alternatively condition on
causal/confounded markers

linkage
L,

.
.

A LMM accounts for model misspecification when testing a univariate model

when in reality the trait is multi-factorial.

Can we do better than using all SNPs for correction?

ORO
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Dilution

(a) Low polygenicity

(b) High polygenicity

bl

phenotype differentiated between
populations plus causal variants

Experiments:

» removal of causal SNPs
» removal of differentiated SNPs
» addition of irrelevant SNPs

Evaluation measures:

» AUC for detecting causal
SNPs

» Genomic Control \ on
non-causal SNPs

FaST-LMM-Select optimizing
phenotype prediction generally
performs well
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Proximal contamination

» Compute similarity matrix

based on SNPs @

» Equivalent to linear
regression conditioned on
these SNPs

» Conditioning on SNPs
within linkage to test
marker reduces association.
— Loss in power!

> Remove SNPs within
linkage from computation
of similarity matrix

(infeasible if done naively!)
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Proximal contamination

» Having a SNP in the similarity matrix that is linked to the SNP tested leads
to loss in power.

» WTCCC data (Chrohn's)

> 6 genetic similarity matrices with
equal number of markers at increasing
distance to SNPs tested

> ) increases with distance

2 4
mimimal distance (j)



Proximal contamination
» Having a SNP in the similarity matrix that is linked to the SNP tested leads
to loss in power.

» Correct by removing a sliding window around test-SNP from the similarity
matrix.
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Proximal contamination
» Having a SNP in the similarity matrix that is linked to the SNP tested leads
to loss in power.

» Correct by removing a sliding window around test-SNP from the similarity
matrix.

» Correction is computed efficiently by subtracting a low-rank term.

X SNPincluded in the RRM
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Inflammatory bowel disease [WTCCC, Nature 2007]

Algorithm parameters

Algorithm performance

Name SNP #SNPs | Avoid Aac False True Runtime (min) | Runtime (min) | Memory
selection in prox Positives | Positives | without with speedup use (GB)
method matrix | conta speedup

m

FaST-LMM-Select Select 310 yes 1.08 0 100 1.3x10 45 <1

FaST-LMM all All All yes 1.09 2 108 40x10° 4567 86

FaST-LMM orig 310 | Equi-spaced 310 yes 1.26 15 128 1.1x10° 6 <1

FaST-LMM orig 4K Equi-spaced 4000 yes 1.17 8 114 2.1x10 30 2

Traditional All All no 0.97 2 64 42 NA 45

SNPs considered True Positive if:
> Reported in WTCCC paper [WTCCC, Nature 2007]

> Reported in meta analysis [Franke et al., Nat Gen 2010]

> In major histocompatibility complex (MHC) region
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Marginal likelihood of variance component models

» Consider a linear model, accounting for a set of measured SNPs X

S
p(y|X7B>G2) :N<y ‘ stﬂs,O’ZI)

s=1
» Choose identical Gaussian prior for all weights

S
p(B) = HN(ﬁs | 0,0’;)

s=1

Marginal likelihood

v

p<y|X,o%a§>=/BN(y | XB.0°T)N (8 0.02I)

~ N (y]0,02XXT +0T)

v

Number of hyperparameters independent of number of SNPs
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Marginal likelihood of variance component models

Basis functions

» The analogous derivation can be repeated for a feature mapping ¢
s
p(y‘X,ﬁ,UQ) =N (y ‘ Z¢(ms)687021> =
s=1
N(y| &(X)B,0°I)

» Marginal likelihood

p<y|x,a2,a§>—/BN(y| 5(X)B.0°T) N (80,02

=N |y]|0,0] 3(X)P(X)" +o°I
N ——
K

» K: (N x N) kernel or covariance induced by feature mapping ¢.



Marginal likelihood of variance component models
Application to GWAS

The missing heritability paradox
» Complex traits are regulated by a large number of small effects

» Human height: the best single SNP explains little variance.
» But: height of the parents are highly predictive for the height of the
child!
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Application to GWAS
Linear additive models for complex traits

» Multiple linear regression model over causal SNPs
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» Which SNPs are causal ?
Approximation: consider all S available common SNPs [Yang et al. 2011]

S
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Marginal likelihood of variance component models

Application to GWAS
Linear additive models for complex traits

» Multiple linear regression model over causal SNPs

p(y| X,B8,0°)=N(y| Y xBs, 01

s€causal

» Which SNPs are causal ?
Approximation: consider all S available common SNPs [Yang et al. 2011]

s
Y| X,B8,6°) =N(y| Y xbs, 0"I)
» Causal SNPs either in the model or “tagged” by linkage disequilibrium to nearby
common SNPs

> Uncertainty over causal SNPs: Prior on all SNP effects p(Bs) = N (s | 0,07 /S )

> Marginalize out weights

S
p(y| X, o5,0%) =N(y 0, o ZE @l +0°I)

. . Lo L 2 2
> Perform maximum marginal likelihood estimation on o and o~.
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Application to GWAS

> Approximate variance model
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[Yang et al. 2011]
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> Approximate variance model
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Marginal likelihood of variance component models
Application to GWAS

> Approximate variance model
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» Narrow-sense refers to linear
additive part of the heritability

[Yang et al. 2011]
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Marginal likelihood of variance component models

» Consider a linear model, accounting for a set of measured SNPs X

S
p(y|X7B>G2) :N<y ‘ stﬂs,O’ZI)

s=1
» Choose identical Gaussian prior for all weights

S
p(B) = HN(ﬁs | 0,0’;)

s=1

Marginal likelihood

v

p<y|X,o%a§>=/BN(y | XB.0°T)N (8 0.02I)

~ N (y]0,02XXT +0T)

v

Number of hyperparameters independent of number of SNPs
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Marginal likelihood of variance component models

Basis functions

» The analogous derivation can be repeated for a feature mapping ¢
s
p(y‘X,ﬁ,UQ) =N (y ‘ Z¢(ms)687021> =
s=1
N(y| &(X)B,0°I)

» Marginal likelihood

p<y|x,a2,a§>—/BN(y| 5(X)B.0°T) N (80,02

=N |y]|0,0] 3(X)P(X)" +o°I
N ——
K

» K: (N x N) kernel or covariance induced by feature mapping ¢.
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Application to GWAS
Linear additive models for complex traits

» Multiple linear regression model over causal SNPs

p(y| X,B8,0°)=N(y| Y xBs, 01

s€causal

» Which SNPs are causal ?
Approximation: consider all S available common SNPs [Yang et al. 2011]

s
Y| X,B8,6°) =N(y| Y xbs, 0"I)
» Causal SNPs either in the model or “tagged” by linkage disequilibrium to nearby
common SNPs

> Uncertainty over causal SNPs: Prior on all SNP effects p(Bs) = N (s | 0,07 /S )

> Marginalize out weights

S
p(y| X, o5,0%) =N(y 0, o ZE @l +0°I)

. . Lo L 2 2
> Perform maximum marginal likelihood estimation on o and o~.
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» Narrow-sense refers to linear
additive part of the heritability

[Yang et al. 2011]



T>§



Outline

FaST-LMM-Set



FaST-LMM-Set

> Aggregate effects within a gene or pathway

N{yl) X,
j=1

——
#07

{

noise



FaST-LMM-Set

> Aggregate effects within a gene or pathway

> Variance component test (e.g. [Wu et al 2011])
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FaST-LMM-Set

> Aggregate effects within a gene or pathway

> Variance component test (e.g. [Wu et al 2011])

/N y | szﬁs, O'2I
j=1

#£07

+ %I



FaST-LMM-Set

> Aggregate effects within a gene or pathway
> Variance component test (e.g. [Wu et al 2011])

» Correct for population structure

S S
2 2
/N y | E X:0s, o K. +0°1
J=1 noise J=1
(S confounding structure
#£07

K]

=N]|ylo0, o2 X. X, | +?K.+ I
| > :

o7 (ML

K



FaST-LMM-Set

> Aggregate effects within a gene or pathway

> Variance component test (e.g. [Wu et al 2011])
» Correct for population structure
>

Perform a Likelihood ratio test

Ny AXsﬁs, ‘K. +0°I N(Bs]0,0%)dB

noise J

(S confounding structure
#07

K]

=N]|ylo0, o2 X. X, | +?K.+ I
| > :

o7 (ML

K



Variance component testing

Likelihood-Ratio test vs. Score test

> For convenience most variance component tests use Score tests (e.g. [Wu et al.
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Variance component testing

Likelihood-Ratio test vs. Score test

> For convenience most variance component tests use Score tests (e.g. [Wu et al.
2011))

For the likelihood ratio test (LRT) no exact null distribution is known
(Permutations are prohibitive!)

v
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Small number of permutations

> a parametric fit to get an accurate and efficient estimate of the null distribution of
the LRT.

Type 1 error:
Significance Level ‘ a=107° a=10"" a=1073
Fast-LMM-Set 1x107° 1.21x10°" 1.0l x 10 ?
0.5x8 + 0.5x3 5x107%  4x107% 4.55 x 1074«




Variance component testing
Likelihood-Ratio test vs. Score test
> For convenience most variance component tests use Score tests (e.g. [Wu et al.
2011))

> For the likelihood ratio test (LRT) no exact null distribution is known
(Permutations are prohibitive!)

» Small number of permutations

> a parametric fit to get an accurate and efficient estimate of the null distribution of
the LRT.

» Empirically, the LRT outperforms the score test in terms of power
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