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Probability Theory

Probabilities

» Let X be a random variable, defined over a set X or measurable
space.
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Probability Theory

Probability Theory
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Probability Theory
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Sum Rule
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Probability Theory

The Rules of Probability

Sum & Product Rule

Sum Rule p(z) =3, p(z,y)
Product Rule p(z,y) = p(y | z)p(z)
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Probability Theory

The Rules of Probability

Bayes Theorem

» Using the product rule we obtain

_ p(z|y)p(y)
p(x) = p(x|y)py)
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Probability Theory
Bayesian probability calculus
» Bayes rule is the basis for inference and learning.

» Assume we have a model with parameters 6,
e.g.

y=0p+61 x
» Goal: learn parameters 0 given Data D.
p(D|86) p(0)
pO|D) = —— =
p(D)
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Probability Theory
Bayesian probability calculus
» Bayes rule is the basis for inference and learning.

» Assume we have a model with parameters 6,
e.g.

y=0p+61 x
» Goal: learn parameters 0 given Data D.
p(D|6) p(0)
p@|D) = —————
p(D)

posterior  likelihood - prior

» Posterior
» Likelihood

» Prior
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Probability Theory

Probability distributions

» Gaussian

p(z|p,0%) =N (z|p,0) =

C. Lippert
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Probability Theory

Probability distributions

» Gaussian

1 1 :
p(w’lu,,o'Q):N(x“j,,O'): \/We 2 "

» Multivariate Gaussian

p(x|p,X) = N (x| p, %)

! T m]

—€X
N R P
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Population Structure

Genome wide association studies (GWAS)

» ldentify associations
between variable genetic loci
and phenotypes.

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

X

phenotype
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Population Structure

Genome wide association studies (GWAS)

» ldentify associations
between variable genetic loci

and phenotypes. ‘ ‘ :
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT

> 1 et ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
Linear and |Og Istic ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

SNPs

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT

regress ion ATGACCTGEAACTGGGGGATTGACGTGCAACGGT
. . ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
» Statistical dependence =
tests 2
(F-test, likelihood ratio) ‘

N |
'

/\M (1) phenotype X 1
N (y]0;021)
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Population Structure

Population stratification

» Confounding structure leads
to false positives.
» Population structure

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure
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Population Structure

Population stratification

H T T T

» Confounding structure leads | moccsmorscesmeam ™
P ATGACCTGCAACTGGGGGACTGACGTGEAACGGT
to false pOSIt IVES. ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGAT TGACGTGGAACGGT
. ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
> Populatlon structure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

population structure

C. Lippert Linear models for GWAS 11

October 17t 2012




Population Structure

Population stratification

» Confounding structure leads
to false positives.
» Population structure
» Family structure

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure
family structure

X
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Population Structure

Population stratification

population structure
family structure
cryptic relatedness

SNPs

» Confounding structure leads : : :
to false positives. ATaACCTRAACTCGCGOARTGACCTORMACGT

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

» i ATGACCTGAAACTGGGGGATTGACGTGGAACGGT %
Po p u | a t on St ru Ct ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT Z
N ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
» Family structure
X

» Cryptic relatedness
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Population Structure

Population stratification
GWA on inflammatory bowel disease (WTCCC)

» 3.4k cases, 11.9k controls
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Population Structure

Population stratification
GWA on inflammatory bowel disease (WTCCC)

» 3.4k cases, 11.9k controls
» Methods

> Linear regression
» Likelihood ratio test
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Population Structure

Population stratification
GWA on inflammatory bowel disease (WTCCC)

temp.tab

£
/}' //
/.
» 3.4k cases, 11.9k controls - R
» Methods

temp.tab

> Linear regression
» Likelihood ratio test
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Population structure correction

Outline

Population structure correction

th
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Population structure correction
Genomic control [Devlin and Roeder, Biometrics 1999]
» Genomic control A

median(2LR)
median(x?)

temp.tab

A=

[~}
N,

Observed Log P values
By
N\

.m
\
&
N
A\

. a=1.409

2 4 6B 8 10 12 14 16 18 «
Expected Log P values

temp.tab

i, 3=1.4093
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Genomic control [Devlin and Roeder, Biometrics 1999]

» Genomic control A

temp.tab
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median(x?) .
%'\2 {r
, /-
» A =1: Calibrated = )
P-values o S
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Population structure correction
Genomic control [Devlin and Roeder, Biometrics 1999]
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Population structure correction

Eigenstrat

» Population structure causes
genome-wide correlations
between SNPs
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Population structure correction

Eigenstrat

» Population structure causes
genome-wide correlations

between SNPs

» A large part of the total
variation in the SNPs can be
explained by population

difl

[Price et al.,
C. Li

ferences.

2006 Patterson et al.,
ippert
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2006, Novembre et al., 2008]
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Eigenstrat

Population structure correction

» Population structure causes
genome-wide correlations
between SNPs

» A large part of the total
variation in the SNPs can be
explained by population

differences.

> Novembre et al. [2008] Show that the
eigenvectors of the SNP
covariance matrix reflect
population structure.

[Price et al.,
C. Llppe

2006, Patterson et al., 2006, Novembre et al.,

North-south in PC1-PC2 space &

2008]
Linear models for GWAS 1

c
0,020
8
5
£ 0010 4
8
-] 4
3
g
g
France Ba a0 2 o3 g
o s
PR 3
~ 8
Spain =
Portugal faly 0010 4
-003-002-001 0 001 002 0.03
East-west in PC1-PC2 space T y y
. 0 1000 2000 3000
O French-speaking Swiss French Geographic clistance betwoen
© German-speaking Swiss German populations (km)

A Italian-speaking Swiss alian

October 17t 2012

14



Population structure correction

Eigenstrat

Population structure causes
genome-wide correlations
between SNPs

A large part of the total
variation in the SNPs can be
explained by population
differences.

Novembre et al. [2008] Show that the
eigenvectors of the SNP
covariance matrix reflect
population structure.

Eigenstrat uses this property
to correct for population
structure in GWAS.

2006, Patterson et al., 2006, Novembre et al.,

[Price et al.,
C. Llppe

North-south in PC1-PC2 space &

2008
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Population structure correction

Eigenstrat

Eigenstrat procedure:
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Population structure correction

Eigenstrat

1 Genome-wide SNP covariance
5 x

Eigenstrat procedure:

» Compute covariance matrix
based on SNPs
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Population structure correction

Eigenstrat

Eigenstrat procedure:

» Compute covariance matrix

based on SNPs

» Compute eigenvectors of
covariance matrix

o C. Lippert

S
— A
1 Genome-wide SNP covariance
g X
Eigenvectors Eigenvalues
S
C
C
-l
L
B
X I
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Population structure correction

Eigenstrat

1 Genome-wide SNP covariance
= x
S

Eigenstrat procedure:

» Compute covariance matrix
based on SNPs

» Compute eigenvectors of
covariance matrix [—

Eigenvectors  _Eigenvalues

» Add largest eigenvector as ¢
. . N |y P8+ 0 o
covariate to regression. i ;
X I
LN

th
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Population structure correction

Eigenstrat

1 Genome-wide SNP covariance
5 x

Eigenstrat procedure:

» Compute covariance matrix
based on SNPs

» Compute eigenvectors of
covariance matrix

Eigenvectors  _Eigenvalues

Add as covariates

» Add largest eigenvector as ¢
. . N
covariate to regression. T 7 .
. X
» Repeat until P-values are
uniform.
— N

th

o C. Lippert Linear models for GWAS I October 17" 2012 15



Population structure correction

Linear mixed models (LMM)

» Covariance matrix K

C. Lippert

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.

population structure
family structure
cryptic relatedness

distance.

0

phenotype

Linear models for GWAS I

B

|

X I

th

October 17" 2012

16



Population structure correction

Linear mixed models (LMM)

» Covariance matrix K
» Estimated from SNP data

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

family structure
cryptic relatedness

population structure
K

phenotype X 1
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Population structure correction

Linear mixed models (LMM)

» Covariance matrix K
» Estimated from SNP data
» Kinship coefficients

> ldentity by state
> lIdentity by descent

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

@

T
phenotype X

population structure
K family structure

cryptic relatedness

E2vhan

c
c
<
T8

C. Lippert Linear models for GWAS 11 October 17t 2012 16



Population structure correction

Linear mixed models (LMM)

» Covariance matrix K

» Estimated from SNP data

» Kinship coefficients
> Identity by state

> lIdentity by descent

> Realized relationship
matrix (linear)

—
s

! Genome-wide SNP covariance
5 x
s

C. Lippert

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.

population structure
family structure
cryptic relatedness

‘
;

phenotype X 1
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Population structure correction

Linear mixed models (LMM)

» Covariance matrix K
» Estimated from SNP data
» Kinship coefficients

> Identity by state
> lIdentity by descent

T T T SNPs { population structure
. : . ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] K { family structure
> Realized relationshi p ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relateciness
. . ATGACCTGEAACTGGGGGACTGACGTGCAACGGT
matrix ( linea I’) ATGACC TGAAACTGGGGGATTGACGTGGAACGGT
N ATGACCTGEAACTGGGGGATTGACGTGEAACGGT §
=2 ATGACCTGEAACTGGGGGATTGACGTGCAACGGT -

2 X
% ; ‘Genome-wide SNP covariance 8 Iu ~ N(0;02K)
¢
<
~N|§8 o

T

T

X 1

phenotype

» Sample random effect u.

th

C. Lippert Linear models for GWAS 11 October 177" 2012 16



Population structure correction

Linear mixed models (LMM)

» Covariance matrix K

» Estimated from SNP data
» Kinship coefficients

> Identity by state
> lIdentity by descent

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs

> Realized relationshi p ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
. . ATGACCTGEAACTGGGGGACTGACGTGCAACGGT
matrix ( linea I’) ATGACC TGAAACTGGGGGATTGACGTGGAACGGT

N ATGACCTGEAACTGGGGGATTGACGTGEAACGGT
=2 ATGACCTGEAACTGGGGGATTGACGTGCAACGGT

2 X

5 *
(
(
.N X (:

T
phenotype X u 1

family structure

population structure
K
crypn( relatedness

» Sample random effect u.

» Sample phenotype y.

C. Lippert Linear models for GWAS 11 October 17t 2012 16



Population structure correction

Linear mixed models (LMM)

» Covariance matrix K
» Estimated from SNP data
» Kinship coefficients

> Identity by state
> lIdentity by descent

> 1 1 1 T : - population structure
Rea | IZed relatlonSh ! p ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs K{ family structure
M M ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relatedness
ma t rx ( I Inéa r) ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
N ATGACCTGAAACTGGGGGATTGACGTGGAACGGT %
— ATGACCTGCAACTGGGGGATTGACGTGCAACGGT |
S ATGACCTGCAACTGGGGGATTGACGTGCAACGGT "
X
1 Genome-wide SNP covariance
S < h I u~ N(0;02K)
:
8+8:
i
!
» Sample random effect u. phenotype X u T

» Sample phenotype y.

/N(y]X,B—i—u; JSI)N(u\O;UgK)

th
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Population structure correction

Linear mixed models (LMM)

» Covariance matrix K

» Estimated from SNP data
> Kinship coefficients

> ldentity by state
> lIdentity by descent

H H H T T T population structure
> Realized relationship AR TR CTCaaaRETGACETORRTT|
. . ATGACCTGCAACTGGGGGACTGACGTGEAACGGT (vypn( relatedness
matrix ( linea I’) ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
N ATGACCTGAAAC TGGGGGAT TGACGTGGAACGGT
—_— ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
s ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

— A~
1 ‘Genome-wide SNP covariance
3 x u~ N(0:02K)

¢
,(
~~
T

» Sample random effect u. phenmype x K 1

» Sample phenotype y.
N (y|XB; aéK +021)

th
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

family structure
cryptic relatedness

population structure
K

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

X

N (yIXB; 0K + o21) \

th
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

family structure
cryptic relatedness

population structure
K

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

X

N (yIXB; 0K + o21) \

th
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

N (v|XB; 0K + o21)

v

N (yXB:0lI) N (y[XB;07K +071)

C. Lippert

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure
K { family structure
cryptic relatedness

Linear models for GWAS I
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

population structure
family structure
cryptic relatedness

» ML estimation is \ ‘ : -

. | I d d . ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
com p u t a t Iona y €mandin g ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

N(y]X,B; UgK"—O'eQI) ? /

phenotype

N (yXB:0lI) N (y[XB;07K +071)

th
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

» ML estimation is \ ‘ : -

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]

ATGACCTGEAACTGGGGGACTGACGTGCAACGGT
comp utational Iy demandin g ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
. 2 2 ATGACCTGAAAC TGGGGGAT TGACGTGGAACGGT

» Non-convex in ¢ and o°. ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
g € ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

N (y|XB; a§K+a§I) ’ /

phenotype

population structure
family structure
cryptic relatedness

N (yXB:0lI) N (y[XB;07K +071)

th
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Population structure correction

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Model:

-log(pval)

1.0 T T T T 25 — T
g
3 0.8 E S 20} ]
3 g
©
2 0.6} g S st g
3 e
> 0.4 — $ 10f —
(7] w
0 Qo
S 0.2F 1 % st J
o
0. L ol&E—, . |
.0 0.2 0.4 0.6 0.8 1.0 012 3 45
expected pvalues log(expected pvalues)

th
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Population structure correction

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Model:

-log(pval)

-log(pval)
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Population structure correction

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Mixed Model:

-log(pval)

1.0—————— 12
n
$ 0.8} E S1o
E g 4
©
2 0.6} g 2
- v 6
2 oaf 1 s
o] 2 4
3 S
S 0.2} E § 2
0 0

'0.0 0.2 0.4 0.6 0.8 1.0
expected pvalues
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Population structure correction

Linear mixed models (LMM)

» LMM log likelihood

LL(B,0;,02) =log N (y|XB;0.K + 021) .

[Kang et al., 2008]

th
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Population structure correction

Linear mixed models (LMM)

» LMM log likelihood
LL(B,0;,02) =log N (y|XB;0.K + 021) .
» Change of variables, introducing § = ag/ag:

LL(B,0},0) =logN (y|XB; 02 (K + 61)) .

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)

» LMM log likelihood
LL(B, Ug,ag) =log NV (y|X8; UgK +021).
» Change of variables, introducing § = ag/ag:
LL(B,0},0) =logN (y|XB; 02 (K + 61)) .

> ML-parameters 3 and o2 follow in closed form.

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)

» LMM log likelihood
LL(B, Ug,ag) =log NV (y|X8; UgK +021).
» Change of variables, introducing § = ag/ag:
LL(B,0},0) =logN (y|XB; 02 (K + 61)) .

> ML-parameters 3 and o2 follow in closed form.

» Use optimizer to solve 1-dimensional optimization problem over §.

[Kang et al., 2008]

th
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

VglogN (y1XB;0; (K+6I)) =
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Population structure correction
Linear mixed models (LMM)
ML parameters

Gradient of the LMM log likelihood w.r.t. 3

VglogN (v|XB;0; (K +61)) = Vg- % (y - Xp)" (K+d)"" (y — XB)

2
g
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

VglogN (y1XB; 0 (K + 1))

V5~ 07 v - XA (K40 (v - X8

5 {_xT (K+60) 'y + X" (K +61)" x]
g
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Population structure correction
Linear mixed models (LMM)
ML parameters

Gradient of the LMM log likelihood w.r.t. 3

VglogN (v|XB;0; (K +61)) = Vg- ﬁ (y - Xp)" (K+d)"" (y — XB)
g

1 _ _
- ;{—XT(K+5I) Ly + XT (K + d1) 1x]
g

set gradient to zero:

0 = iz [XT (K+0oD) 'y — XT (K +61) " Xﬁ]
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

set gradient to zero:

0

XT (K +6I)"' X8

C. Lippert

Vg - %ig (v - XB)" (K+6I) " (y — XB)

1 _ _
- ;{—XT(K+5I) Ly + XT (K + d1) 1x]
g

iz [XT (K+0oD) 'y — XT (K +61) " Xﬁ]
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

V5 5os (v~ XB)T (K +61) ! (y - XB)
g
= [ XTE Dy X (K 461 X]
g

set gradient to zero:

0 = %[XT(K+5I)‘1y—xT(K+5I)‘1Xﬁ]
g
XT(K+6)'X8 = XT(K+o) 'y
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

V5 5os (v~ XB)T (K +61) ! (y - XB)
g
= [ XTE Dy X (K 461 X]
g

set gradient to zero:

0 = %[XT(K+5I)‘1y—xT(K+5I)‘1Xﬁ]
g
g
XT(K+6)'X8 = XT(K+o) 'y
BuL =
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

V5 5os (v~ XB)T (K +61) ! (y - XB)
g
= [ XTE Dy X (K 461 X]
g

set gradient to zero:

- 1 T -1 T -1
0 = ;g[x (K +0D) 'y — XT (K + 1) Xﬁ]
XT(K+6)'X8 = XT(K+o) 'y
Bu. = (XT(K+5I)‘1X)_1XT(K+5I)‘1y
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

Vg - 2% (v - XB)" (K+6I) " (y — XB)

1 _ _
S {_xT(K+51) Ly + XT (K + d1) 1x]
g
g
set gradient to zero:
0o - L [XT (K+0oD) 'y — XT (K +61) " Xﬁ]

XT (K +6I)"' X8 XT (K +01) 'y

Bu. = (XT (K+6D)~" X)_1 X" (K +1) 'y

Note that this solution is analogous to the ML solution of the linear
regression
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

Vg - 2% (v - XB)" (K+6I) " (y — XB)

1 _ _
- ﬁ{—XT(Kﬁ—éI) Ly + XT (K + d1) 1x]
g

set gradient to zero:
1 _ _
0 = [XT(K+5I) Ly - XT (K + 0I) 1X5]
g
g

XT (K +6I)"' X8 XT (K +01) 'y

Bu. = (XT (K+6D)~" X)_1 X" (K +1) 'y

Note that this solution is analogous to the ML solution of the linear
. -1
regression (XTX) XTy.
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
907 log NV (y|X8; 07 (K + 61))
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
557 log NV (y|X8; 07 (K + 61))

g

1[N N .
= 5 ;g—;g(y XB)" (K +0I) " (y — XB)

th
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
3 log N (y|Xﬂ; Ug (K+ 51))

do;
-5 |E X0 K - X)
set derivative to zero:
0 = g |E X8 e (v - Xp)
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
557 log NV (y|X8; 07 (K + 61))

5| m - S -xeT e (v - x8)]

set derivative to zero:

1N N T -1
= o= - (y-XB) " (K+4I ~-X
0 Q[Ug Sy X8 ) v 5
JgML
C. Lippert
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
3 log N (y|Xﬂ; Ug (K+ 51))

do;
1[N N T -1
-5 |E X0 K - X)

set derivative to zero:

1N N _
0 = 5| xB) K (- X)
B = v XB) (K47 (y - Xp)
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
3 log N (y|Xﬂ; Ug (K+ 51))

do;
1[N N T -1
-5 |E X0 K - X)

set derivative to zero:

1N N _
0 = 5| xB) K (- X)
B = v XB) (K47 (y - Xp)
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. crg

0
3 log N (y|Xﬂ; Ug (K+ 51))

do;
1[N N T -1
-5 |E X0 K - X)

set derivative to zero:

1N N _
0 = 5| xB) K (- X)
B = v XB) (K47 (y - Xp)

» Bottleneck:
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

0
3 log N (y|Xﬂ; Ug (K+ 51))

do;
1[N N T -1
-5 |E X0 K - X)

set derivative to zero:

1N N _
0 = 5| xB) K (- X)
B = v XB) (K47 (y - Xp)

» Bottleneck: For every SNP that we test we need to calculate
(K +61)" 1.
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. crg

0
907 log NV (y|X8; 07 (K + 61))

! [jf -y X8) (K o) (y - Xﬂ)]

set derivative to zero:

1N N _
0 = 5| xB) K (- X)
B = v XB) (K47 (y - Xp)

» Bottleneck: For every SNP that we test we need to calculate
(K +61)" 1.
> If done naively, this is an O(N?) operation per SNP.

th
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. crg

0
907 log NV (y|X8; 07 (K + 61))

! [jf -y X8) (K o) (y - Xﬂ)]

set derivative to zero:

1N N _
0 = 5| xB) K (- X)
B = v XB) (K47 (y - Xp)

» Bottleneck: For every SNP that we test we need to calculate
(K +61)" 1.
> If done naively, this is an O(N?) operation per SNP. (very expensivel)

th
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Population structure correction

FaST LMM

N (yIXB; 0] (K +01)) .

[Lippert et al., 2011]
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Population structure correction

FaST LMM
N (yIXB; 0] (K +01)) .

=N (y|XB; ag (USUT +01)).

[Lippert et al., 2011]
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Population structure correction

FaST LMM
N (y|XB;07 (K + 1)) .
=N (y|XB; og (USUT +0I)) .

=N (UTy[UTXB;0; (UTUSUTU +6UTU)).

[Lippert et al., 2011]
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Population structure correction

FaST LMM
N (y|XB;07 (K + 1)) .

=N (y|XB;0; (USUT +41)) .

=N | U'y[U'XB;0; |UTUSU'U+5U'U
N N~ N——
I I I

[Lippert et al., 2011] »
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Population structure correction

FaST LMM
N (y|XB;07 (K + 1)) .
=N (y|XB;0; (USUT +41)) .

=N | U'y[U'XB;0; |UTUSU'U+5U'U
N N~ N——
I I I

=N (UTy|UTXB; 07 (S + 1)) .

[Lippert et al., 2011] »
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Population structure correction

FaST LMM
N (y|XB;07 (K + 1)) .
=N (y|XB;0; (USUT +41)) .

=N | U'y[U'XB;0; |UTUSU'U+5U'U
N N~ N——
I I I

=N (UTy|U'XB; 0% (S +01)) .

N (yIXB;021) N (y[XB; 00K + 02T)

[Lippert et al., 2011]
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Population structure correction

FaST LMM
N (y|XB;07 (K + 1)) .
=N (y|XB;0; (USUT +41)) .
— T T .12 T T T
=N [ UTy[UTXB;0? [UTUSUTU +6UTU

.02(

/\/’(y\XB;UfI) ./\/(y|X,B;U§K + UEI) N (UTy|UTX[3; O’Z(S + 51))

[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) . (2)

» Factored Spectrally Transformed LMM

N (y[XB:;02I) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]

th
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) .

» Factored Spectrally Transformed LMM

» O(N?) once for spectral decomposition.

N (y[XB;02l) N (yIXB;oiK +02I) N (Uly|U™XB;02(S + 0T))

[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) .

» Factored Spectrally Transformed LMM
» O(N?®) once for spectral decomposition.
» O(N?) runtime per SNP tested (multiplication with UT).

Uy,

N (y[XB;02I) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) . (2)

v

Factored Spectrally Transformed LMM

v

O(N?) once for spectral decomposition.
O(N?) runtime per SNP tested (multiplication with UT).
O(N?) memory for storing K and U.

v

v

N (y[XB:;02I) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]

th
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Population structure correction

Summary
Population structure correction

» Genomic control

» Simple method

» Works with any statistical test

» Can be combined with other correction methods
» Very conservative!
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Population structure correction

Summary

Population structure correction

» Genomic control

» Simple method

» Works with any statistical test

» Can be combined with other correction methods
» Very conservative!

» Eigenstrat (PCA)

» Corrects well for differences on population level
» Does not work well for closer relatedness

th
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Population structure correction

Summary

Population structure correction

» Genomic control

» Simple method

» Works with any statistical test

» Can be combined with other correction methods
» Very conservative!

» Eigenstrat (PCA)

» Corrects well for differences on population level
» Does not work well for closer relatedness

» Linear mixed models
» Corrects well for most forms of relatedness.

th
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Population structure correction
Overview

» Single marker association model with random effect term

~—

genetic effect  random effect covariates  noise

y= XsBs + ua +_€

th

C. Lippert Linear models for GWAS 11 October 177" 2012 27



Population structure correction

Overview

» Single marker association model with random effect term

= X + u +_€
y sBs
genetic effect  random effect covariates  noise

» Shortcomings

» Weak effects are not captured by single-marker analysis.

-Log10 PV

0.4

0.8

0.6
Genomic position
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Population structure correction
Overview

» Single marker association model with random effect term

~—

genetic effect  random effect covariates  noise

y= XS/BS + ua +_€

» Shortcomings

» Weak effects are not captured by single-marker analysis.
» Complex traits are controlled by more than a single SNP.

-Log10 PV

0.4 0.8

0.6
Genomic position
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Population structure correction

Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

th
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Population structure correction

Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

» Challenge: N << S: explicit estimation of all 35 is not feasible.

th
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Population structure correction

Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

» Challenge: N << S: explicit estimation of all 35 is not feasible.
» Solutions
> Regularize 3, (Ridge regression, LASSO)

[Wu et al., 2011]

th
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Population structure correction

Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

» Challenge: N << S: explicit estimation of all 35 is not feasible.
» Solutions

> Regularize 3, (Ridge regression, LASSO)
» Variance component modeling

[Wu et al., 2011]

th
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Outline

Outline
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Variance component models

Outline

Variance component models

th
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Variance component models Multi locus models

Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = szﬂs + €.

s=1
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Variance component models Multi locus models

Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = szﬂs + €.

s=1
» For mathematical convenience, we choose a shared Gaussian
distribution on the weights and Gaussian noise

s
p(B1,-..,Bs) = HN(BS ’0703) p(€) :N(e‘O,azl)

s=1

th
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Variance component models Multi locus models

Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = szﬂs + €.

s=1
» For mathematical convenience, we choose a shared Gaussian
distribution on the weights and Gaussian noise

s
p(B1,-..,Bs) = HN(BS ’0703) p(€) ZN(€‘0,0'31>

s=1

» Marginalize out the weights 5y, ..., 8g

p(y|X,02,02)

th
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Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = szﬂs + €.

s=1
» For mathematical convenience, we choose a shared Gaussian
distribution on the weights and Gaussian noise

s
p(B1,-..,Bs) = HN(BS ’0703) p(€) ZN(G‘O,USI>

s=1

» Marginalize out the weights 5y, ..., 8g

S
p(le,aéaﬁ):/ﬁN(y szﬁs,agl) a8
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Data likelihood
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» Marginalize out the weights 5y, ..., 8g
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Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = szﬂs + €.

s=1
» For mathematical convenience, we choose a shared Gaussian
distribution on the weights and Gaussian noise

s
p(B1,-..,Bs) = HN(BS ’0703) p(€) ZN(G‘O,U§I>

s=1

» Marginalize out the weights 5y, ..., 8g

S S
pi 1okt = [ (5| sttt [ 00209
s=1 s=1

Data likelihood weight distribution
S
=N|y|0,07 g XXy + 021
s=1
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Multi locus models
Remarks

S
ply|X,00,02) =N(y|0,00> sixi +021) (3)

s=1
———
Ky

» K, genotype covariance matrix.
> Closely related to Kinship explaining population structure.
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Multi locus models
Remarks

S
p(y|X,07,02) = N(y[0,07 > sox! +021) (3)
s=1
———
Ky

» K, genotype covariance matrix.
> Closely related to Kinship explaining population structure.

» Inference can be done my maximum likelihood.

» The ratio of ag and o2 defines the
narrow sense heritability of the trait
2
2o %
024 o2’
g e
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Heritability
Heritability estimated on 107 A. thaliana phenotypes

Global genetic heritability

0.4 0.6
Heritability

th
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Heritability

Multi locus models

Heritability estimated on 107 A. thaliana phenotypes

» Estimate can be
restricted to a
genomic region such
as a single
chromosome, etc.

N(ylo,o;
s€Chrom

C. Lippert

51
56
61
66

Phenotype ID

Z XsX, —|—021) 7

76
81
86|
91
96

106
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Variance component models Multi locus models

Window-based composite variance analysis
Region-based testing

» Just fitting a particular region ignores the genome-wide context
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Window-based composite variance analysis
Region-based testing

» Just fitting a particular region ignores the genome-wide context

» Variance dissection with region-based separation

p(y | W) =N(y 0,02 xx! +02 > x,x! +021)

seW s¢W
Kuw K,
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Window-based composite variance analysis
Region-based testing

» Just fitting a particular region ignores the genome-wide context

» Variance dissection with region-based separation

p(y | W) =N(y 0,02 xx! +02 > x,x! +021)

seW s¢W
Kuw K,

» Explained variance components can be read off subject to suitable
normalization of the covariances K,, and K.
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Window-based composite variance analysis
Region-based testing

» Just fitting a particular region ignores the genome-wide context

» Variance dissection with region-based separation

p(y | W) =N(y 0,02 xx! +02 > x,x! +021)

seW s¢W
Kuw K,

» Explained variance components can be read off subject to suitable
normalization of the covariances K,, and K.

» “Local” heritability

2
w

2 _
(W) = 012”+03+0§

th
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Window-based composite variance analysis
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Window-based composite variance analysis

Significance testing

» Analogously to fixed effect testing, the significance of a specific
window can be tested.

[Wu et al., 2011, Listgarten et al., 2012]
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Window-based composite variance analysis

Significance testing

» Analogously to fixed effect testing, the significance of a specific
window can be tested.

» Likelihood-ratio statistics to score the relevance of a particular
genomic region W

N (y ‘ 0,023 oy XsXi + 03 D sgw XsX) + 021)

N <y ’ 0, 05 D sqw XsXg + 0’31)

LOD(W) =

[Wu et al., 2011, Listgarten et al., 2012]
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Window-based composite variance analysis

Significance testing

» Analogously to fixed effect testing, the significance of a specific
window can be tested.

» Likelihood-ratio statistics to score the relevance of a particular
genomic region W

N (y ‘ 0,023 oy XsXi + 03 D sgw XsX) + 021)

N <y ’ 0, 05 D sqw XsXg + 0’31)

LOD(W) =
» P-values can be obtained from permutation statistics or analytical
approximation (variants of score tests or likelihood ratio tests).

[Wu et al., 2011, Listgarten et al., 2012]
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Variance component models Phenotype prediction

Making predictions with linear mixed models

» Linear model, accounting for a set of measured SNPs X

S
p(y|X,0,0%) =N |y | Y x:65,0°T
s=1

th
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Making predictions with linear mixed models

» Linear model, accounting for a set of measured SNPs X
p(y|X, 0,07 ZX598,02I

> Prediction at unseen test mput given max. likelihood weight:

p(y* | x*,0) =N (y* ‘ x*0, 02)
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Making predictions with linear mixed models

» Linear model, accounting for a set of measured SNPs X

p(y|X, 0,07 < ZX593,02I>

> Prediction at unseen test input given max. likelihood weight:

p(y* | x*,0) =N (y* ‘ x*0, 02)

» Marginal likelihood

p(y|X,0%0)) = /0/\/(y | X6,5°T) NV (6]0,0.1)

=N |y|0,02XX" +5%1
N’

K
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Making predictions with linear mixed models

» Linear model, accounting for a set of measured SNPs X

p(y|X,0,0? < ZX593,02I>

> Prediction at unseen test input given max. likelihood weight:

p(y* | x*,0) =N (y* ‘ x*0, 02)

» Marginal likelihood

p(y|X, 0% 02%) = /0/\/(y | X6,0*T) N (0]0,020)

9

» Making predictions with linear mixed models?
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The Gaussian distribution

» Linear mixed models are merely based on the good old multivariate
Gaussian

1
v/ [2m K|

» Covariance matrix or kernel matrix

1

N(x‘,u,K): exp{—;(x—u)TK(x—u)

th
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A 2D Gaussian

» Probability contour

°3 -3 1 0 1 2
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A 2D Gaussian

» Probability contour

» Samples
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A 2D Gaussian

Varying the covariance matrix

C. Lippert Linear models for GWAS 11
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A 2D Gaussian

Inference

th
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A 2D Gaussian

Inference

Variance component models

Phenotype prediction
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Inference

A 2D Gaussian

Variance component models

Phenotype prediction
3 - ,
2+
1
ot
+
— ‘| L 4 J
-2 +
+
=353 = -1 0 1 2
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Variance component models Phenotype prediction

Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values y of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual y*.

th
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Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values y of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual y*.

K K
N(| 2 |10,02 e |
P(y,y") <[Y*]| KL K%

Ptly) = Ply) N (0,02K + 02I)

» Use conditional probability distribution
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Phenotype prediction

Best linear unbiased prediction
» Given the phenotype values y of a set of individuals and the genetic

relatedness, we can predict the genetic component of the phenotype
of a new individual y*.

y s K K. 9
vy V(]9 [, ot |1
Ply*|y) = =322 = -
P(y N (0,02K + 021)

=N (y* |, %)

» Use conditional probability distribution
> Note, that the result is again a Gaussian distribution!
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Phenotype prediction
Best linear unbiased prediction
» Given the phenotype values y of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual y*.

y s K K. 9
R (RS L P
Ply*|y) = =322 = -
(v N (0,02K + 02I)

K K
=Ny |p, X" oc./\/([ y*] 0,02[ "*]0§I>
( “"’ ) y ‘ g K:T* K**

» Use conditional probability distribution

> Note, that the result is again a Gaussian distribution!

» As a Gaussian distribution is always normalized, we can drop any
constant terms, that do not contain y*.
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Phenotype prediction
Best linear unbiased prediction
» Given the phenotype values y of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual y*.

y s K K. 9
R (RS L P
Ply*|y) = =322 = -
(v N (0,02K + 02I)

K K
=Ny |p, X" oc./\/([ y*] 0,02[ "*]0§I>
( “"’ ) y ‘ g K:T* K**

» Use conditional probability distribution

> Note, that the result is again a Gaussian distribution!

» As a Gaussian distribution is always normalized, we can drop any
constant terms, that do not contain y*.

» Completing the square identifies the mean p* and the variance X* of
y”* given y.
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Inference

Gaussian conditioning in 2D
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Inference

Gaussian conditioning in 2D

1 _ _ _
= exp{—§ [y%Kli + ngzé + 23/1K1,%i‘/2]}
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Inference

Gaussian conditioning in 2D
p(y1, 92 | K) 1 1| n
JK)=—/"—"— xe ——|y1,y2] K
p(y2 | n ) p(y1 | K) Xp 2 [yl y2] Yo
1 _ _ _
= exp{—§ [Z/%Kl% + ngzé + 2y1K1,%y2]}

1 _ _
= eXP{—§ [y§K2§ + 2y2Kléy1 +CJ}
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Inference

Gaussian conditioning in 2D

P(y17y2 | K) 1 -1| %N
K)=—"—"—""— —= K
p(y2|y1, K) o [K) P 5y1:2] o

1 _ _ _
= exp{—§ [y%Kl% + ngzé + 2y1K1,éi‘/2]}

1 _ _
= eXP{—§ [y§K2§ + 2y2Kléy1 +CJ}

1.
= ZeXP{—iKz,é Y5 + 2y
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Inference

Gaussian conditioning in 2D

p(y1,y2 | K
2

p(y2 |y1, K) = (1,32 | K) x exp {—1[y1,y2] K-1 [

p(y1 | K)

Y1
Y2

1 _ _ _
= exp{—§ [y%Kl% + ngzé + 23/1K1,51‘/2]}

1 _ _
= eXP{—§ [y§K2é + 2y2Kléy1 +CJ}

1.
= ZeXP{—iKz,é Y5 + 2y

1.
= ZeXP{_iKzé Y3 + 2y2

-1
K>
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Variance component models

Inference
Gaussian conditioning in 2D

K
K = Py v )Ocexp{_

1

Phenotype prediction

y1, y2] K™

1| YN
Y2

1 _ _ _
= exp{—§ [y%Kl% + ngzé + 23/1K1,§?/2]}

1 _ _
= eXP{—§ [y§K2é + 2y2Kléy1 +CJ}

Y3 + 22

1
= Zexp{—§ 2, 2

1.
= Zexp{—iKgé Y3 + 2y2

Z"exp{—= [ Yo +
\,-f
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Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.
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Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (v |05V} + 021)
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Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (v |05V} + 021)

» Predictive mean: p* = agK;’: (UgKg + 031)_1 y

BLUP
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Phenotype prediction

Best linear unbiased prediction

> Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (v |05V} + 021)

» Predictive mean: p* = azK;’: (UgKg + 031)_1 y

BLUP

[ . . * K,k 2grk: 2 271\ 1 Lk
> Predictive Variance: Vg = K7 o, K7 (agKg + O’eI) K,
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Summary

» Basic probability theory
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» Linear mixed models

» Population structure correction
» Parameter estimation
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