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Overview

» Single marker association model with random effect term

~—

genetic effect  random effect covariates  noise

y= XsBs + ua +_€
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Overview
» Single marker association model with random effect term

= X + u +_€
y sDBs , ‘
genetic effect  random effect covariates  noise

» Shortcomings

» Weak effects are not captured by single-marker analysis.
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Overview
» Single marker association model with random effect term

= X + u +_€
y sBs
genetic effect  random effect covariates  noise

» Shortcomings

» Weak effects are not captured by single-marker analysis.
» Complex traits are controlled by more than a single SNP.
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Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect
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Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

» Challenge: N << S: explicit estimation of all 35 is not feasible.
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Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

» Challenge: N << S: explicit estimation of all 35 is not feasible.
» Solutions
> Regularize 3, (Ridge regression, LASSO)

[Wu et al., 2011]
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Multi locus models

» Generalization to multiple genetic factors

S
Yy = § XsfBs + u +_€
s=1 random effect covariates  noise

genetic effect

» Challenge: N << S: explicit estimation of all 35 is not feasible.
» Solutions

> Regularize 3, (Ridge regression, LASSO)
» Variance component modeling

[Wu et al., 2011]
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Outline

Outline
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Variance component models

Outline

Variance component models
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Variance component models

Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = ZXS/BS + €.
s=1
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Variance component models

Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = ZXSBS + €.
s=1

» For mathematical convenience, we choose a shared Gaussian prior on
the weights and Gaussian noise

S
p(B1,- - Bs) = [[V (B:0.02) p(e) =N (e]0,02T)

s=1
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Variance component models

Multi locus models
Random effect models

» For now, let's drop the random effect term

S
y = szﬁs + €.
s=1

» For mathematical convenience, we choose a shared Gaussian prior on
the weights and Gaussian noise

S
p(B1,- - Bs) = [[V (B:0.02) p(e) =N (e]0,02T)

s=1

» Marginalize out the weights (1, ..., 8s

S S
p ket = [ (v st [T 5 0.02)
s=1 s=1

5
:N(y O,cféz:xsx;r—kagl)

s=1
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Variance component models

Multi locus models
Remarks

S
ply|X,00,02) =N(y|0,00> sixi +021) (1)

s=1
———
Ky

» K, genotype covariance matrix.
> Closely related to Kinship explaining population structure.
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Variance component models

Multi locus models
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Variance component models

Multi locus models
Remarks

S
p(y X, 05,00) = N(y[0,07 Y ssx7 +021) (1)

s=1
———
Ky

» K, genotype covariance matrix.
> Closely related to Kinship explaining population structure.

» Inference can be done my maximum likelihood.
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Variance component models

Multi locus models
Remarks

S
p(y|X,07,02) = N(y[0,07 > sox! +021) (1)
s=1
———
Ky

» K, genotype covariance matrix.
> Closely related to Kinship explaining population structure.

» Inference can be done my maximum likelihood.

» The ratio of ag and o2 defines the
narrow sense heritability of the trait

0.2

h=—5—.
2 2
Og + 0g
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Variance component models

Heritability
Heritability estimated on 107 A. thaliana phenotypes

Global genetic heritability

Density

0.4 0.6
Heritability
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Heritability

Variance component models

Heritability estimated on 107 A. thaliana phenotypes

» Estimate can be

restricted to a

genomic region such

as a single

chromosome, etc.
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Variance component models

Window-based composite variance analysis
Region-based testing

» Just fitting a particular region ignores the genome-wide context

» Explained variance components can be read off subject to suitable
normalization of the covariances K,, and K.

» “Local” heritability

0.2

"=
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Variance component models

Window-based composite variance analysis
Region-based testing

» Just fitting a particular region ignores the genome-wide context

» Variance dissection with region-based separation

p(y | W) =N(y 0,02 xx! +02 > x.x! +021)

seW sgW
Kuw K,

» Explained variance components can be read off subject to suitable
normalization of the covariances K,, and K.

» “Local” heritability
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Variance component models

Window-based composite variance analysis
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Variance component models

Window-based composite variance analysis

Significance testing

» Analogously to fixed effect testing, the significance of a specific
window can be tested.

C. Lippert & O. Stegle Linear models II: multi-locus models and variance decomposition September 2012 12



Variance component models

Window-based composite variance analysis

Significance testing

» Analogously to fixed effect testing, the significance of a specific
window can be tested.

» Likelihood-ratio statistics to score the relevance of a particular
genomic region W

N (y ’ 0,00 Y e XsXq + 0 O oy XsXg + a§I>

LOD(W) =
N (y ’ 0, O sqw XsXg + 021)
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Variance component models

Window-based composite variance analysis
Significance testing

» Analogously to fixed effect testing, the significance of a specific
window can be tested.

» Likelihood-ratio statistics to score the relevance of a particular
genomic region W

N (y ’ 0,00 Y e XsXq + 0 O oy XsXg + a§I>

LOD(W) =
N (y ’ 0, O sqw XsXg + 021)

> P-values can be obtained from permutation statistics or analytical
approximation (variants of score tests or likelihood ratio tests).
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Variance component models

Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.
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Variance component models

Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (v |05V} + 021)
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Variance component models

Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (v |05V} + 021)

» Predicitve mean: pu* = agK;’: (UgKg + 031)_1 y

BLUP
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Variance component models

Phenotype prediction

Best linear unbiased prediction

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (v |05V} + 021)

» Predicitve mean: pu* = agK;’: (UgKg + 031)_1 y

BLUP

[ . . * K,k 2grk: 2 271\ 1 Lk
> Predictive Variance: Vg = K7 o, K7 (agKg + O’eI) K,
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Variance component models for correlated traits

Outline

Variance component models for correlated traits
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Variance component models for correlated traits

Overview

» Frequently, we are interested
in the genetic architecture of
related traits.
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Variance component models for correlated traits

Overview

7
6|
» Frequently, we are interested 5
in the genetic architecture of ¢
related traits. % ’
w2
» Example: flowering time in 1
10C and 16C 0
-1

=2 .0 -0.5 0.0 0.5 1.0 15 2.0

FT 10C
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Variance component models for correlated traits

Multi-trait mixed models

» Extend variance component models to pairs of traits for environments
ee€{0,1}

~—

env effect i__l\/_/

genetic effects

S
Ye=  fe + Xsﬁs,e +e€c.
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Variance component models for correlated traits

Multi-trait mixed models

» Extend variance component models to pairs of traits for environments
ee€{0,1}

s
Ye= fe + Xsﬁs,e +e€c.
s=1
env effect \_\/_/
genetic effects
» Again, prior is shared across SNPs but environment specific

2
0 Jg,O /Og,l
)
Po1 Og1

S
(B, Bs) = HN(ﬁs
s=1

genetic variance and correlation.
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Variance component models for correlated traits

Multi-trait mixed models

» Extend variance component models to pairs of traits for environments
ee€{0,1}

s
Ye=  fe + Xsﬁs,e +e€c.
s=1
env effect \_\/_/
genetic effects
» Again, prior is shared across SNPs but environment specific

0 03,0 Pg,l
’ Po1 Og1

S
(B, Bs) = HN(ﬁs
s=1

genetic variance and correlation.

» One noise level per environment
2 2
€y ~ N(O, O-E,OI) €1 ~ N(O, O-E,II)'
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Variance component models for correlated traits

Multi-trait mixed models

Marginalized multi trait variance component model

» Because of the Gaussian assumption, again noise and weights can be
marginalized out analytically

p(yo.y1|X,000,00,,...) =

N<|:Y0:| ol |:O'§’0Kg p()71Kg:| + |:O-2,OI 0 :|)
y1 I

ml [po K, o K, 0 o7,
s

As before, K, = szx;r denotes the genotype covariance.
s=1
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Variance component models for correlated traits

Multi-trait mixed models

lllustration on two related A. thaliana traits

Independent single-marker GWAs on flowering time (10C and 16C)

-Logl0 PV

-Logl0 PV
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Variance component models for correlated traits
Multi-trait mixed models
lllustration on two related A. thaliana traits

Mixed model inference
» Genotype covariance

0o0=02 091=033

001 =0.33 oo, =0.92
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Variance component models for correlated traits

Multi-trait mixed models
lllustration on two related A. thaliana traits

Mixed model inference

> Genotype covariance

(ﬁpzqz mJ=&%>

001 =0.33 oo, =0.92

» Noise covariance

02y =0.03 0
0=033 o7, =0.02
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Variance component models for correlated traits

Multi-trait mixed models
lllustration on two related A. thaliana traits

Mixed model inference

> Genotype covariance

(ﬁpzqz mJ=&%>

001 =0.33 oo, =0.92

» Noise covariance

02y =0.03 0
0=033 o7, =0.02

» Marginal heritabilities from
joint analysis

ho =0.88 h; =0.95
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Variance component models for correlated traits

Multi-trait mixed models

» Multi-trait models can be used to control for population structure in a
multi-environment setting
» Common association test affecting both traits

Yo ol Xs
N( M | [ml} i H & KGE)
—— ——
env effect  SNP effect

» Interaction test, specific for one environment

-YO /J/OI Xs Xs I

N( yl] | L‘ll] - [XJ Pt [O] S7KG1E>'
- N—— N N——

env effect  SNP effect  GxE effect

02 K, p()ﬂlKg:| N [05,01 0 }

where Ko, g = B 9
! Lro.1 Ky 051K, 0 ol

[Korte et al., 2012]
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Variance component models for correlated traits

Common effect mapping on two traits
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Mixed model Lasso

Outline

Mixed model Lasso

C. Lippert & O. Stegle Linear models II: multi-locus models and variance decomposition September 2012 22



Mixed model Lasso

Simultaneous Analysis of all SNPs: LassoTibshirani [1996]

SNPs.

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT 0.5
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT 0.41
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT :
X 20.3)
B 02
0.1]
. ATGACCTGAARCTGGGGGACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
~ N| ATGACCTGCAACTGGGGGACTGACGTGEAACGGT B ; ¢ 0.0—= —
i ATGACCTGAAACTGGGGGATTGACGTGGAACGGT “ =10 -5 0 5 10
ATGACCTGCAACTGGGGGATTGACGTGEAACGGT beta
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT I
phenotype X

y = XB+e,
B ~ p(BIN), p(BIN) o [Je P!
e ~ N(0,021)
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Mixed model Lasso

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Model

-log(pval)

» Lasso

0.08 | ‘ ‘ ‘
0.04
0_000"|l|l 1JOI .|.I|2|‘0 - 1 I.JO.I J'I(.) I'hllh‘!l l|.|.LL | Illb ‘” |}

Mb

abs(beta)
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Mixed model Lasso

Linear Mixed Models

y = xB+u+te
u ~ N(0,02K)
e ~ N(0,02T)

» Kinship Matrix K: measures
genetic similarity between pairs
of samples

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT|
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT.
ATGACCTGAAACTGGGGGAT TGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.

population structure
family structure
m ptic relatedness

\ ,/HII/IMWK‘

phenmype

C. Lippert & O. Stegle Linear models II: multi-locus models and variance decomposition
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Mixed model Lasso

Linear Mixed Models

y =X+ u+te,

e population structure

family structure

M ATGACCTGAAACTGGGGGACTGACGTGGAACGGT|
Integrating over the random effects R s e
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT.

- I . ATGACCTGAAACTC ATTGACGTGGAA(
yle ds. ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

cryptic relatedness

/N(y|xsﬁs +u;02I) NV (u]0; 07K) du \

= N (y|x5ﬁs;U§K + o21)

phenotype X

C. Lippert & O. Stegle Linear models II: multi-locus models and variance decomposition September 2012 26



LMM-Lasso

C. Lippert & O. Stegle

Mixed model Lasso

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT SNPs

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

structure

:

B

ATGACCTGAAACTGGGGGACTGACGTGRARCGGT
ATGACCTGEAAC TGGGGOACTGACGTGEAACGGH
~ N

ATGACCTGEAACTGGGGGATTGACGTGEAACGGT

phenotype X

= XB+u+e,

e @<
2

~ N(0,07K)
N(0,02)

)
i

p(BIN),  p(BIN) o [Je P

Linear models II: multi-locus models and variance decomposition

[Rakitsch et al., 2012]
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Mixed model Lasso

Inference

Minimize the objective:

—log NV (y[XB; 07K + o21) + A 8]
Algorithm:
1. Fixé = az/ag on the null model:
—logV (y|0;a§(K +0I)) = —logN (y]O;Ug(USUT + 6I))
= —log/N (UTy|O;0§(S + 01))

= S (UTy)"(s + o1 N (UTy)
g
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Mixed model Lasso

Inference (continued)
Minimize the objective:

—log N (y|XB; 02 (K + 61)) + A B]1

Algorithm:
2. Train 3:

argming  (y — XB)" (07 (K + 01)) "' (y — XB) + A||B]x

1 -
= argming —(y —XB)" (USU" + 1)~ (y — XB) + A||Blh
g
N S N
= argming ;(y—Xﬁ)T(y—Xﬁ)—i—)\HBHl,
&
where

X = (S+41)2UTX
(S +061)"2UTy

<
Il
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Mixed model Lasso

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Mixed Model

-log(pval)

» LMM - Lasso

_ 012 ‘ ‘ ’ ‘ ’ ‘ ‘ ‘ ‘ ‘ ‘
[]

@ 0.08

k)

w 0.04 -

%m,ll N I N T L
U0 10 20 [0} 10 0 10 0 10 0 10 20
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Mixed model Lasso

Power comparison

LMM-Lasso — Lasso — LMM LM

» Power comparison on

H
o

semi-empirical data ; .
1. )
NIVEN £ ~
c % 0.5
AR L/
: h fodf —
0.4 \ 1 ED_ /
0. o/

OU.O 0.1 0.2 03 04 05 06 0.7 0.8 00‘&74 2e-4 4de-4 6e-4 B8e-4 10e-4 12e-4
Recall False Positive Rate

(a) Precision/Recall ) ROC
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Mixed model Lasso

Power comparison

» Power comparison on
semi-empirical data
» LASSO models
perform better than
univariate testing.

— LMM-Lasso — Lasso — LMM LM

1. 0.

1 0. .

HINERN g
LIN Y a1/

£ N gl -
0.4] E

0..

\ ]

085 01 02 03 04
Recal

0.5 0.6 0.7 0.8
|

(a) Precision/Recall

o o
o

0_1,/
Ofe-d 264 4ed 6ed Bed 1064 12e-4
False Positive Rate

) ROC
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Mixed model Lasso

Power comparison

— LMM-Lasso — Lasso — LMM LM
» Power comparison on
semi-empirical data ! N .
.0f )
» LASSO models ' 08 a

perform better than 5 £os
univariate testing. g :Zz
» Combining mixed ’ Fod
models with LASSO * 01
outperforms other o s G g I g g e
models.
(a) Precision/Recall () ROC
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Mixed model Lasso

Detection of multiple linked causal variants.pdf
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Mixed model Lasso

Detection of multiple linked causal variants.pdf

» Two causal variants in
linkage
» LMM-Lasso better
differentiates LD from
genetic heterogeneity.

C. Lippert & O. Stegle

14
it
W 4 £3 ;
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(c) Lasso
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Mixed model Lasso

Phenotype prediction with the LMM-Lasso

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.
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Mixed model Lasso

Phenotype prediction with the LMM-Lasso

» Given the phenotype values of a set of individuals and the genetic
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relatedness, we can predict the genetic component of the phenotype
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> P(y*|y) =N (y*|u*,02V* + 020)

» Predicitve mean: p* = X*3 +K* (K +01) ! (y — XB)
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Phenotype prediction with the LMM-Lasso

» Given the phenotype values of a set of individuals and the genetic
relatedness, we can predict the genetic component of the phenotype
of a new individual.

> P(y*|y) =N (y*|u*,02V* + 020)

» Predicitve mean: p* = X*3 +K* (K +01) ! (y — XB)
~—~—
LASSO component BLUP component

> Predictive Variance: V* = K** — K** (K + 61) ' K*
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Phenotype prediction with the LMM-Lasso

» Qut of sample prediction
on FT in A. thaliana
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Phenotype prediction with the LMM-Lasso

Summary on a compendium of phenotypes

» Out of sample
predictions on A.
thaliana and mouse.
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Summary

» Joint modeling of multiple SNPs is compromised by sample size.
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Summary

» Joint modeling of multiple SNPs is compromised by sample size.
» Solutions: shrinkage (LASSO) or marginalization.

» Variance component models allow for estimating the proportion of
genetic variance.
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Summary

v

Joint modeling of multiple SNPs is compromised by sample size.

v

Solutions: shrinkage (LASSO) or marginalization.

v

Variance component models allow for estimating the proportion of
genetic variance.

v

Genetic co-regulation causes phenotype correlation which can be
incorporated into variance component models.
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Summary

» Joint modeling of multiple SNPs is compromised by sample size.
» Solutions: shrinkage (LASSO) or marginalization.

» Variance component models allow for estimating the proportion of
genetic variance.

» Genetic co-regulation causes phenotype correlation which can be
incorporated into variance component models.

» Shrinkage-based LASSO models and variance component modeling
can be combined, significantly improving phenotype prediction.
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