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Linear Regression

Regression

Noise model and likelihood

> Given a dataset D = {x",y"})_, where x" = {z7,...,2%} is S
dimensional, fit parameters @ of a regressor f with added Gaussian
noise:

y" = f(x";0) + " where p(e|o?) =N (]0,0%).

» Equivalent likelihood formulation:

p(y|X) = HN ' f(x"),0%)
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Linear Regression

Regression

Choosing a regressor

» Choose f to be linear:

p(y | X) = HN y"|x" -0+ c,0%)

n=1

» Consider bias free case, ¢ = 0,
otherwise include an additional
column of ones in each x".
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Linear Regression

Regression
Choosing a regressor

» Choose f to be linear:

p(y | X) = HN n‘x 9+ca) &

» Consider bias free case, ¢ = 0, @_
otherwise include an additional

column of ones in each x™.

n

Equivalent graphical model
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Linear Regression

Linear Regression
Maximum likelihood

» Taking the logarithm, we obtain
N
Inp(y|605?) = Zln./\/ (y" | x"- 6,0?)
n=1

N
N 1
:—§1n27'r02 722 0)2

Sum of squares
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Linear Regression

Linear Regression
Maximum likelihood

» Taking the logarithm, we obtain
N
Inp(y|605?) = Zln./\/ (y" | x"- 6,0?)
n=1

N
N 1
:—§1n27'r02 722 0)2

Sum of squares

» The likelihood is maximized when the squared error is minimized.
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Linear Regression

Linear Regression
Maximum likelihood

» Taking the logarithm, we obtain
N
Inp(y|605?) = Zln./\/ (y" | x"- 6,0?)
n=1

N
N 1
:—§1n27'r02 722 0)2

Sum of squares

» The likelihood is maximized when the squared error is minimized.

» Least squares and maximum likelihood are equivalent.
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Linear Regression
Linear Regression and Least Squares

A Y
mn

fan,w)

L e
} >
Tn €

(C.M. Bishop, Pattern Recognition and Machine Learning)

n=1
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Linear Regression

Linear Regression and Least Squares

» Derivative w.r.t. a single weight entry 6;

d 1

d _ n n 2
o, hlp(waf)*dfei 5,7 (y" —x"-0)

n=1

N
= 5 o)
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Linear Regression

Linear Regression and Least Squares

» Derivative w.r.t. a single weight entry 6;

(v16.0%) =L fifxyn—xnoe)?
’ dﬁl 20’2 —

1 N

» Set gradient w.r.t. 8 to zero

d
do;

N
1
VoInp(y|0,07) —22 0)x"T =0

— O = (XTX)~ 1XT
—,_/

Pseudo inverse
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Linear Regression

Linear Regression and Least Squares

» Derivative w.r.t. a single weight entry 6;

N
d o d 1 .

L&
=2 E , i
» Set gradient w.r.t. 8 to zero

N
1
Volnp(y|0,0?) —22 x"T =0

— O = (XTX)~ 1XT
—,_/

Pseudo inverse

gl

» Here, the matrix X is defined as X = e e
N N

9 ... Xg
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Linear Regression

Testing in Linear Regression
Likelihood Ratio Test

N
piy|X) =[NV (" |x" 0 +278,07)

P %)
@14 A0
O+-@

Equivalent graphical model

™ regression covariates
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Linear Regression

Testing in Linear Regression
Likelihood Ratio Test

N
piy|X) =[NV (" |x" 0 +278,07)

P %)
@14 A0
O+-@

Equivalent graphical model

» 20 SNP to be tested

™ regression covariates
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Linear Regression

Testing in Linear Regression
Likelihood Ratio Test

N
piy|X) =[NV (" |x" 0 +278,07)
n=1 @
» 20 SNP to be tested [ _@

» x": regression covariates (including @_ @

. n
bias term)
» Race Equivalent graphical model
» Known background SNPs n

x™: regression covariates
» Environment
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Linear Regression

Testing in Linear Regression
Likelihood Ratio Test

N

ply|X) =[N (" |x"- 6 +a78,0%)

n=1

G

&) &
® ® —@

n

:L,TL

Equivalent graphical model

: regression covariates
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Linear Regression

Testing in Linear Regression
Likelihood Ratio Test

N

ply|X) =[N (" |x"- 6 +a78,0%)

n=1

> Test Hop: =0

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

G

DR
® ® —@

n
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Linear Regression

Testing in Linear Regression
Likelihood Ratio Test

N
ply|X) =[N (" |x"- 6 +a78,0%)

n=1

> Test Hp: 5 =0 @ @
® ®

» The ratio of the ML estimator and
the MLy estimator restricted to Hy
is a common test statistic. @_

—(8) =07

n

Equivalent graphical model

HN N (y” ‘ Xp - O + 2% Bu, U,%,“_) x™: regression covariates

n=1
x" - Om, + 220, U,%/”_O>

I, (v
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Hypothesis Testing

Hypothesis Testing
Example:

» Given a sample
1 N
D={z",...,z"}.
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Hypothesis Testing

Hypothesis Testing

Example:
» Given a sample
D={z'. .. 2N}
» Test whether Hp : s = 0 (null
hypothesis) or H1 : 5s # 0
(alternative hypothesis) is true.
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Hypothesis Testing

Hypothesis Testing

Example:
» Given a sample
D={z'. .. 2N}
» Test whether Hp : s = 0 (null
hypothesis) or H1 : 5s # 0
(alternative hypothesis) is true.

» To show that 55 # 0 we can
perform a statistical test that
tries to reject Hy.
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Hypothesis Testing

Hypothesis Testing

Example:
» Given a sample
D={z'. .. 2N}
» Test whether Hg : 35 = 0 (null
hypothesis) or H1 : 5s # 0

(alternative hypothesis) is true. L #oholds | #o doesn't hold
Ho accepted true negatives false negatives
» To show that 55 # 0 we can , _ type-2 error
L. Ho rejected false positives true positives
perform a statistical test that type-1 error

tries to reject Hy.

> type 1 error: H, is rejected but
does hold.
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Hypothesis Testing

Hypothesis Testing

Example:

» Given a sample
D={z'. .. 2N}

» Test whether Hg : 35 = 0 (null
hypothesis) or H1 : 5s # 0
(alternative hypothesis) is true.

» To show that 55 # 0 we can
perform a statistical test that
tries to reject Hy.

> type 1 error: H, is rejected but
does hold.

> type 2 error: Hj is accepted
but does not hold.

I

Ho holds

[ Ho doesn’t hold

Ho accepted

true negatives

false negatives
type-2 error

Ho rejected

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

false positives
type-1 error

true positives
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Hypothesis Testing

Hypothesis Testing

» Given a sample
D={zt,... 2N}

» Test whether Ho : Bs = 0 (null
hypothesis) or Hy : 85 # 0
(alternative hypothesis) is true.

0.25

probability density

6
test statistic

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012

13



Hypothesis Testing

Hypothesis Testing

» Given a sample
D={zt,... 2N}

» Test whether Ho : Bs = 0 (null
hypothesis) or Hy : 85 # 0
(alternative hypothesis) is true.

» The significance level « defines
the threshold and the sensitivity
of the test. This equals the
probability of a type-1 error.
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Hypothesis Testing

Hypothesis Testing

» Given a sample
D={zt,... 2N}

» Test whether Ho : Bs = 0 (null
hypothesis) or Hy : 85 # 0
(alternative hypothesis) is true.

» The significance level « defines
the threshold and the sensitivity
of the test. This equals the
probability of a type-1 error.

probability density

» Usually decision is based on a 0 — S
test statistic.
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Hypothesis Testing

Hypothesis Testing

» Given a sample
D={zt,... 2N}

» Test whether Ho : Bs = 0 (null
hypothesis) or Hy : 85 # 0
(alternative hypothesis) is true.

» The significance level « defines
the threshold and the sensitivity
of the test. This equals the
probability of a type-1 error.

probability density

» Usually decision is based on a 0 o
test statistic. o

» The critical region defines the
values of the test statistic that
lead to a rejection of the test.
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Hypothesis Testing

P-value
definition

» Probability of observing a test statistic at least as extreme (e.g.
likelihood ratio statistic), given that H is true.
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Hypothesis Testing

P-value
definition

» Probability of observing a test statistic at least as extreme (e.g.
likelihood ratio statistic), given that H is true.

» Significance level o becomes threshold on P-value.
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Hypothesis Testing

P-value
definition

» Probability of observing a test statistic at least as extreme (e.g.
likelihood ratio statistic), given that H is true.

» Significance level o becomes threshold on P-value.

» Need to know the null distribution of test statistics. (usually
unknown)
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Hypothesis Testing

P-value
definition

v

Probability of observing a test statistic at least as extreme (e.g.
likelihood ratio statistic), given that H is true.

v

Significance level o becomes threshold on P-value.

v

Need to know the null distribution of test statistics. (usually
unknown)

v

Possible to generate artificial null-distribution by permutations
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Hypothesis Testing

P-value

Permutation procedure

Repeat M times:

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 15



Hypothesis Testing

P-value

Permutation procedure

covariates

Repeat M times: My X X5

» Permute phenotype y and
covariates x jointly over individuals.
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Hypothesis Testing

P-value

Permutation procedure

covariates

Repeat M times: Ny X X5

» Permute phenotype y and
covariates x jointly over individuals.

» Compute permuted test statistic
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Hypothesis Testing

P-value
Permutation procedure

covariates

Repeat M times: Ny X X5

» Permute phenotype y and
covariates x jointly over individuals.

» Compute permuted test statistic

» Add test statistic to emprirical null
distribution

25 3.0 35

15 2.0
test statistic
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Hypothesis Testing

P-value
Permutation procedure

covariates

Repeat M times: Ny X X5

» Permute phenotype y and
covariates x jointly over individuals.

» Compute permuted test statistic

» Add test statistic to emprirical null
distribution
The P-value is the quantile of real test
statistic in artificial null distribution.

empirical density
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Hypothesis Testing

Testing in Linear Regression
Likelihood Ratio Test revisited

» Can equivalently compute
log-likelihood ratio:

C. Lippert & O. Stegle

G-

®

_@

n

T
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Equivalent graphical model

. regression covariates
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Hypothesis Testing

Testing in Linear Regression
Likelihood Ratio Test revisited

» Can equivalently compute
log-likelihood ratio:

N
LR =" log N (4" | x" - O + 2 Bur. o) %)

n=1
—iv: log NV (y"™ ’ x" . OMLO,U,%ALO) l 7 : =0
O1-®

Equivalent graphical model

x™: regression covariates
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Hypothesis Testing

Testing in Linear Regression
Likelihood Ratio Test revisited

» Can equivalently compute
log-likelihood ratio:

N
LR =" "log NV (y" |x" - OmL + 27 BuL, o)

n=1

N
3 log N (57 " - B, o)

n=1

» Wilks' theorem: 2LR follows a
Chi-square distribution with 1
degree of freedom.

(source: Wikipedia)
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Hypothesis Testing

Testing in Linear Regression
Likelihood Ratio Test revisited

» Can equivalently compute
log-likelihood ratio:

N
LR =" "log NV (y" |x" - OmL + 27 BuL, o)

n=1

N
—Z log/\/ (y" | x" . OMLO’UI%/ILO)

n=1

» Wilks' theorem: 2LR follows a
Chi-square distribution with 1
degree of freedom.

» P-value = 1-CDF(2LR).
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(source: Wikipedia)
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Multiple Hypothesis Testing

Outline

Multiple Hypothesis Testing
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Multiple Hypothesis Testing

Multiple Hypothesis Testing

Motivation

» Significance level « equals
probability of type-1 error.

|| Ho holds | Hq doesn't holc
Ho accepted true negatives false negatives
type-2 error
Ho rejected false positives true positives
type-1 error
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Motivation

» Significance level « equals
probability of type-1 error.

» In GWAS we perform S = 10° tests
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Multiple Hypothesis Testing

Multiple Hypothesis Testing

Motivation

» Significance level « equals
probability of type-1 error.

» In GWAS we perform S = 10° tests

» At o = 0.01 we would expect 10000
type-1 errors!

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

I

Ho holds

| o doesn't holc

Ho accepted

true negatives

false negatives
type-2 error

Ho rejected

false positives
type-1 error

true positives
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Multiple Hypothesis Testing

Multiple Hypothesis Testing

Motivation

» Significance level « equals
probability of type-1 error.

» In GWAS we perform S = 10° tests
» At o = 0.01 we would expect 10000

I

Ho holds

| o doesn't holc

_ |
type-1 errors! Ho accepted

true negatives

false negatives
type-2 error

» Probability of at least 1 type-1 error Hy rejected
is1—(1—a)—1
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Multiple Hypothesis Testing

Multiple Hypothesis Testing

Motivation

» Significance level « equals
probability of type-1 error.

» In GWAS we perform S = 10° tests
» At o = 0.01 we would expect 10000

I

Ho holds

| o doesn't holc

_ |
type-1 errors! Ho accepted

true negatives

false negatives
type-2 error

» Probability of at least 1 type-1 error Ho Teecied
is1—(1—a)—1

» Individual P-values < 0.01 are not
significant anymore.
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Multiple Hypothesis Testing

Multiple Hypothesis Testing

Motivation

» Significance level « equals
probability of type-1 error.

» In GWAS we perform S = 10° tests
» At o = 0.01 we would expect 10000

I

Ho holds

| o doesn't holc

type-1 errors!

Ho accepted

true negatives

false negatives
type-2 error

» Probability of at least 1 type-1 error o Teecied
is1—(1—a)—1

» Individual P-values < 0.01 are not
significant anymore.

Need to correct for multiple hypothesis
testing!
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Multiple Hypothesis Testing

Multiple Hypothesis Testing
Family-Wise Error Rate (FWER)

» Probability of at least one type-1

error.
H Ho holds [ Ho doesn't holc
H( accepted true negatives false negatives
type-2 error
Ho rejected false positives true positives
type-1 error
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Multiple Hypothesis Testing

Multiple Hypothesis Testing
Family-Wise Error Rate (FWER)

» Probability of at least one type-1

error.
» Correct by bounding the FWER. || #Hoholds | Hq doesn't hok
H( accepted true negatives false negatives
type-2 error
Ho rejected false positives true positives
type-1 error
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Multiple Hypothesis Testing

Multiple Hypothesis Testing
Family-Wise Error Rate (FWER)

» Probability of at least one type-1

error.
» Correct by bounding the FWER. || #Hoholds | Hq doesn't hok
. . H( accepted true negatives false negatives
» Bonferroni correction: Pg = P - S type-2 error
Ho rejected false positives true positives
type-1 error
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Multiple Hypothesis Testing

Multiple Hypothesis Testing
Family-Wise Error Rate (FWER)

> Probability of at least one type-1
error.
» Correct by bounding the FWER. || #Hoholds | Hq doesn't hok
. . H( accepted true negatives false negatives
» Bonferroni correction: Pg = P - S type-2 error
Ho rejected false positives true positives
> type-1 error

Equivalently P < % significant.
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Multiple Hypothesis Testing

Multiple Hypothesis Testing
Family-Wise Error Rate (FWER)

» Probability of at least one type-1
error.

» Correct by bounding the FWER.
» Bonferroni correction: Pg = P - S
» Equivalently P < % significant.

» Bounds the FWER 1 — (1 — v/S)*
by «

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

I

Ho holds

[ Ho doesn't holc

H( accepted

true negatives

false negatives
type-2 error

Ho rejected

false positives
type-1 error

true positives
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

» FWER based correction
(Bonferroni) leads to very
conservative significance thresholds.

|| Ho holds | Hq doesn't holc
Ho accepted true negatives false negatives
type-2 error
Ho rejected false positives true positives
type-1 error
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

» FWER based correction
(Bonferroni) leads to very
conservative significance thresholds.

» Because of the abundance of tests

we m|ght. .be willing to accept a few | o holds | Ho dossn't hol
false pOS|t|VeS. Ho accepted true negatives false negatives
type-2 error
Ho rejected false positives true positives
type-1 error
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

» FWER based correction
(Bonferroni) leads to very
conservative significance thresholds.

» Because of the abundance of tests

we m|ght' .be willing to accept a few | o holds | Ho dossn't hol
false pOS|t|VeS. Ho accepted true negatives false negatives
.. ... type-2 error
> Intu|t|Ve def|n|t|on Of the FDR Ho rejected false positives true positives
FP type-1 error
E|———m
FP+TP
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

» FWER based correction
(Bonferroni) leads to very
conservative significance thresholds.

» Because of the abundance of tests
we might be willing to accept a few
false positives.

» Intuitive definition of the FDR:

FP
» E| ——
{FP + TP]

» But: this can not be bounded when

Ho always true (FN +TP =0). In

FP
hi E|l=——=| =
this case [FP TP]

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

H Ho holds

| Hg doesn't holc

Ho accepted

true negatives

false negatives
type-2 error

Ho rejected

false positives
type-1 error

true positives
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

g-value estimation

FP

FP+TP

> estimate number of false discoveries
(FP) at given « cutoff

E

I

Ho holds

| Hg doesn't holc

H( accepted

true negatives

false negatives
type-2 error

H rejected

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

false positives
type-1 error

true positives

[Benjamini and Hochberg, 1995]
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

g-value estimation

FP

FP+TP

> estimate number of false discoveries
(FP) at given « cutoff

» Under Hy: - S

> £

|| #Ho holds | Hq doesn't holc
H( accepted true negatives false negatives
type-2 error
Ho rejected false positives true positives
type-1 error

[Benjamini and Hochberg, 1995]
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

g-value estimation

FP
[FP + TP}
> estimate number of false discoveries
(FP) at given « cutoff
» Under Hy: - S e
> FP-+TP: number positives .

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models
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Multiple Hypothesis Testing

False Discovery Rate (FDR)

g-value estimation

FP
FP+TP
» estimate number of false discoveries
(FP) at given « cutoff

» Under Hy: - S L L )
> FP-+TP: number positives X
Definition: g-value of a SNP o
» ¢(P) = mi ith P < 0
q(P) min wi QFDR ;
» report all SNPs with g-value j o
allowed FDR. 0

04 0.6
alpha threshold

[Benjamini and Hochberg, 1995}
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Multiple Hypothesis Testing

Model Checking

» Do my estimated P-values match
the true null distribution?

fodnbe Sk oo FAST.LMM 2010.11.9:16.50.41Tab.bt

» By definition uniformly distributed
under null distribution.

temp.at

o
0 01 02 03 04 05 05 07 08 08 |
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the true null distribution?
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» By definition uniformly distributed
under null distribution.

» Do the empirical results match my
assumptions on the null model?

temp.at
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Multiple Hypothesis Testing

Model Checking

» Do my estimated P-values match
the true null distribution?
» By definition uniformly distributed
under null distribution.

fodnbe Sk oo FAST.LMM 2010.11.9:16.50.41Tab.bt

» Do the empirical results match my
assumptions on the null model?

> In GWAS we perform a large
number of tests. (usually in the
order of 10°)

temp.at

0 01 02 03 04 05 05 07 08 08 |
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Multiple Hypothesis Testing

Model Checking

» Do my estimated P-values match
the true null distribution?
» By definition uniformly distributed
under null distribution.

fodnbe Sk oo FAST.LMM 2010.11.9:16.50.41Tab.bt

» Do the empirical results match my
assumptions on the null model?

> In GWAS we perform a large
number of tests. (usually in the
order of 10%)

> Use the strong prior knowledge that
in GWAS almost all of the test
SNPs have no effect on the
phenotype.

temp.at

o
0 01 02 03 04 05 05 07 08 08 |
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Multiple Hypothesis Testing

Model Checking

» Do my estimated P-values match
the true null distribution?
» By definition uniformly distributed
under null distribution.

» Do the empirical results match my
assumptions on the null model?

> In GWAS we perform a large
number of tests. (usually in the
order of 10%)

> Use the strong prior knowledge that
in GWAS almost all of the test
SNPs have no effect on the
phenotype.

temp.at

o
0 01 02 03 04 05 05 07 08 08 |

» Empirical test statistics should
follow the null distribution
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Multiple Hypothesis Testing

Model Checking
QQ-plot

Compare quantiles of the empirical test

statistic distribution to assumed null
distribution.

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 23



Multiple Hypothesis Testing

Model Checking
QQ-plot

Compare quantiles of the empirical test
statistic distribution to assumed null
distribution.

» Sort test statistics

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models
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Multiple Hypothesis Testing

Model Checking
QQ-plot

Compare quantiles of the empirical test
statistic distribution to assumed null
distribution.

ibd-nbs-5k-cov. FAST.LMM.2010.11.9-18.50.41 Tab.txt

» Sort test statistics : -

> Plot test statisitcs against (y-axis)
quantiles of the theoretical
null-distribution (x-axis)
» for example: 2LR vs. x%

Observed Log P values

AMMbmmqmm
N
\

+ a=1078

8 9

4 5 b
Expected Log P values
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Multiple Hypothesis Testing

Model Checking
QQ-plot

Compare quantiles of the empirical test
statistic distribution to assumed null
distribution.

ibd-nbs-5k-cov. FAST.LMM.2010.11.9-18.50.41 Tab.txt

» Sort test statistics : -

> Plot test statisitcs against (y-axis)
quantiles of the theoretical
null-distribution (x-axis)
» for example: 2LR vs. x?

Observed Log P values

AMMbmmqmm
N
\

» If the plot is close to the diagonal,

the distributions match up s

8 9

4 5 b
Expected Log P values
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Multiple Hypothesis Testing

Model Checking
QQ-plot

Compare quantiles of the empirical test
statistic distribution to assumed null

distribution.
» Sort test statistics .
> Plot test statisitcs against (y-axis) &
quantiles of the theoretical ;
null-distribution (x-axis) o
» for example: 2LR vs. x? § /S

\

» If the plot is close to the diagonal,
the distributions match up —

» ae1409

& 1 12 14 16 18 2«
Expected Log P values

» Deviation from the diagonal
indicates inflation or deflation of
test statistics.
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Population Structure

Outline

Population Structure
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Population Structure

Genome wide association studies (GWAS)

» ldentify associations
between variable genetic loci
and phenotypes.

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

X

phenotype
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Population Structure

Genome wide association studies (GWAS)

» ldentify associations
between variable genetic loci

and phenotypes. ‘ ‘ :
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT

> 1 et ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
Linear and |Og Istic ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

SNPs

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT

regress ion ATGACCTGEAACTGGGGGATTGACGTGCAACGGT
. . ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
» Statistical dependence =
tests 2
(F-test, likelihood ratio) ‘

N |
'

/\M (1) phenotype X 1
N (y]0;021)
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Population Structure

Population stratification

» Confounding structure leads
to false positives.

» Population structure

C. Lippert & O. Stegle

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

distance
b,

population structure

X

X

phenotype
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Population Structure

Population stratification

» Confounding structure leads
to false positives.
» Population structure

C. Lippert & O. Stegle

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

SNPs

distance
e,

population structure

'~ \(

phenotype
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Population Structure

Population stratification

population structure
family structure

» Confounding structure leads : : :
to false positives. ATeACCTRAACTCGCGOARTOACCTORMACGT

. ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
» Po pu lation structure ATGACCTGAAAC TGGGGGAT TGACGTGGAACGGT

. ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
» Family structure

SNPs

ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
X

c
<

.'v"\"( o Hf.)
T
‘r
X

phenotype
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Population Structure

Population stratification

population structure
family structure
cryptic relatedness

» Confounding structure leads : : :
to false positives. ATaACCTRAACTCGCGOARTGACCTORMACGT

P | . ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
» opu atlo n Stru Ctu re ATGACCTGAAACTGGGGGATTGACGTGGAACGGT

p ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

» Family structure = A
» Cryptic relatedness B /

SNPs

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 26



Population Structure

Population stratification

» Confounding structure leads roput e
SNPs.

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]

T+ family structure
to false positives. i cctoncorcBhacear
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

> | ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
Po p u | a t 1on St ru Ct ure ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

» Family structure = A
» Cryptic relatedness B /
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Population Structure

Population stratification
GWA on inflammatory bowel disease (WTCCC)

» 3.4k cases, 11.9k controls

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

[Burton et al., 2007]

September 2012

27



Population Structure

Population stratification
GWA on inflammatory bowel disease (WTCCC)

» 3.4k cases, 11.9k controls
» Methods

> Linear regression
» Likelihood ratio test
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[Burton et al., 2007]
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Population Structure

Population stratification
GWA on inflammatory bowel disease (WTCCC)

‘/
N/
4 /;/
y 4
» 3.4k cases, 11.9k controls - R
» Methods
> Linear regression
» Likelihood ratio test

0 01 02 03 04 05 06 07 08 09 1

[Burton et al., 2007
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Population structure correction

Outline

Population structure correction
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Population structure correction

Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A

median(2LR)
median(x?)

=

A=

Observed Log P values

8 10 12 14 1 18 20
Expected Log P values

temptab

0 01 02 03 04 05 06 07 08 09 1

[Devlin and Roeder, 1999]
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Population structure correction

Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A

median(2LR)
median(x?)

=

A=

Observed Log P values

» )\ =1: Calibrated p-values . /;/
» A\ > 1: Inflation -
» )\ < 1: Deflation

8 10 12 14 1 18 20
Expected Log P values

temptab

0 01 02 03 04 05 06 07 08 09 1

[Devlin and Roeder, 1999]
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Population structure correction

Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A

median(2LR)
median(x?)

@

=

A=

Observed Log P values

» )\ =1: Calibrated p-values . /;/

d « =140

> A > 1: Inflation 2 ; 8 10 12 14 16 18 20
> )\ < 1: Deﬂation Expected Log P values.
» Correct by dividing test -

statistic by .

0 01 02 03 04 05 06 07 08 09 1

[Devlin and Roeder, 1999]

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 29



Population structure correction

Genomic control [Devlin and Roeder, Biometrics 1999]

» Genomic control A

median(2LR)
A= ——+
median(x?)

» )\ =1: Calibrated p-values
» X\ > 1: Inflation
» )\ < 1: Deflation
» Correct by dividing test
statistic by .
» Applicable in combination
with every method.

C. Lippert & O. Stegle

temp.tab

@

=

Observed Log P values

d « =140

8 10 12 14 1 18 20
Expected Log P values

temptab

(]

Linear models I: linear regression and linear mixed models

I i, 7=1.4093

===y line

01 02 03 04 05 06 07 08 09 1

[Devlin and Roeder, 1999]
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Population structure correction

Genomic control [Devlin and Roeder, Biometrics 1999]

» Genomic control A

median(2LR)
A= ——+
median(x?)

» )\ =1: Calibrated p-values
» X\ > 1: Inflation
» )\ < 1: Deflation
» Correct by dividing test
statistic by .
» Applicable in combination
with every method.
» Does not change
(non-)uniformity of p-values.

C. Lippert & O. Stegle

temp.tab

@

=

Observed Log P values

d « =140

8 10 12 14 1 18 20
Expected Log P values

temptab

(]

Linear models I: linear regression and linear mixed models

I i, 7=1.4093

===y line

01 02 03 04 05 06 07 08 09 1

[Devlin and Roeder, 1999]
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Population structure correction

Genomic control [Devlin and Roeder, Biometrics 1999]

temp.tab

» Genomic control A

median(2LR)
median(x?)

@

=

A=

Observed Log P values

» )\ =1: Calibrated p-values : /;
» )\ > 1: Inflation 40 =
» )\ < 1: Deflation

8 10 12 14 1 18 20
Expected Log P values

temptab

» Correct by dividing test -

===y line

statistic by .

» Applicable in combination
with every method.

» Does not change
(non-)uniformity of p-values.

0 01 02 03 04 05 06 07 08 09 1

» Very conservative.
[Devlin and Roeder, 1999]
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Population structure correction

Eigenstrat

» Population structure causes
genome-wide correlations
between SNPs

North-south in PC1-PC2 space &

[(I?rice et al.
. Lippert & 0. Stegle

-0.01

-0.02

-0.03

2006, Patterson et al., 2006, Novembre et al., 2008]
Linear models I: linear regression and linear mixed models
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Population structure correction

Eigenstrat

» Population structure causes
genome-wide correlations
between SNPs

» A large part of the total
variation in the SNPs can be
explained by population
differences.

North-south in PC1-PC2 space &

Spain

0,03 {Portugal ttaly 0010 4

-003-002-001 0 001 002 008
East-west in PC1-PC2 space

0 1,000 2,000 3,000

O French-speaking Swiss French Geographio distance betwesn
© German-speaking Swiss German populations (km)
A ltalian-speaking Swiss Italian

[grice et al., 2006, Patterson et al., 2006, Novembre et al., 2008]
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Eigenstrat

Population structure correction

» Population structure causes
genome-wide correlations
between SNPs

A large part of the total

variation in the SNPs can be
explained by population

differences.

[(Ié’ric_e et al
L

ippert & 0. Stegle

Novembre et al. [2008] Show that the
eigenvectors of the SNP
covariance matrix reflect
population structure.

North-south in PC1-PC2 space &

2006, Patterson et al., 2006, Novembre et al., 2008]

c
0,020
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5
£ 0010 4
8
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g
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~ 8
Spain =
Portugal faly 0010 4
-003-002-001 0 001 002 0.03
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Population structure correction

Eigenstrat

» Population structure causes
genome-wide correlations
between SNPs

» A large part of the total
variation in the SNPs can be
explained by population
differences.

P Novembre et al. [2008] show that the

eigenvectors of the SNP g o ® o
covariance matrix reflect 5o Tooo]
population structure. 2 o : i
R B I L A
» Eigenstrat uses this property :4, 8 R
to correct for population - r{}};ggﬂ; ‘1?2:::6}03 i I
structure in GWAS. Srmmemmee " o gt

A Italian-speaking Swiss

[(Ié’rilt_:_e et al., 2006, Patterson et al., 2006, Novembre et al., 2008

ippert & 0. Stegle
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Population structure correction

Eigenstrat

Eigenstrat procedure:

. Lippert & 0. Stegle Linear models I: linear regression and linear mixed models September 2012 31
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Population structure correction

Eigenstrat

1 Genome-wide SNP covariance
5 x

Eigenstrat procedure:

» Compute covariance matrix
based on SNPs
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Population structure correction

Eigenstrat

Eigenstrat procedure:

» Compute covariance matrix

based on SNPs

» Compute eigenvectors of

covaraince matrix

. Lippert & Q. Stegle

N
A
S
L
1 Genome-wide SNP covariance
g X
Eigenvectors Eigenvalues
S
C
C
c ;
Ny T B ) o?
L
B
X I
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Population structure correction

Eigenstrat

1 Genome-wide SNP covariance
= x
S

Eigenstrat procedure:

» Compute covariance matrix
based on SNPs

» Compute eigenvectors of

Eigenvectors  _Eigenvalues

covaraince matrix [—
» Add largest eigenvector as ¢
. . N |y P8+ 0 o
covariate to regression. i ;
X I
JEEN
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Population structure correction

Eigenstrat

1 Genome-wide SNP covariance
5 x

Eigenstrat procedure:

» Compute covariance matrix
based on SNPs

» Compute eigenvectors of
covaraince matrix

Eigenvectors  _Eigenvalues

Add as covariates

» Add largest eigenvector as ¢
. . N
covariate to regression. T 7 .
. X
» Repeat until P-values are
uniform.
— N
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Population structure correction

Linear mixed models (LMM)

» Kernel matrix K

C. Lippert & O. Stegle

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure
family structure
cryptic relatedness

distance

phenotype

Linear models I: linear regression and linear mixed models
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Population structure correction

Linear mixed models (LMM)

» Kernel matrix K
» Estimated from SNP data

T T T
ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] SNPs
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

population structure
family structure

cryptic relatedness

ﬁ@

phenotype
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Population structure correction

Linear mixed models (LMM)

» Kernel matrix K
» Estimated from SNP data

> Kinship coefficients e —
. ATGACCTGAAACTGGGGGACTGACGTGGAACGGT] family structure
> Identlty by state ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relatedness
. ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
> Identlty by descent ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
» Realized relationshi p ATGACCTGCAACTGGGGGA;‘TGACGTGCAACGGT

matrix (linear) ﬂ

phenotype
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Population structure correction

Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data
» Kinship coefficients
> Identity by state
> ldentity by descent
> Realized relationship
matrix (linear)

» Sample random effect u.

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure

K{ family structure
cryptic relatedness

s

T
T
phenotype X I

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models

A ~N(0;02K)

q
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September 2012

32



Population structure correction

Linear mixed models (LMM)

» Kernel matrix K
» Estimated from SNP data

» Kinship coefficients

> Identity by state
> ldentity by descent

> Realized relationship
matrix (linear)

» Sample random effect u.

» Sample phenotype y.

C. Lippert & O. Stegle

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure
K { family structure
cryptic relatedness
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September 2012 32



Population structure correction

Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data
» Kinship coefficients

population structure

- - ! SNPs

> lIdentity by state ATGACCTGARAC ACTGACGTGGAACGGT] family structure
. ATGACCTGCAACTGGGGGACTGACGTGCAACGGT cryptic relatedness
> ldentity by descent ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT

1 1 1 ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
> Realized relatlonshlp ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
matrix (linear) X
B

» Sample random effect u.

» Sample phenotype y.

N (y]X,B + u; agl) N (u\O; agK)

u

September 2012
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Population structure correction

Linear mixed models (LMM)

» Kernel matrix K

» Estimated from SNP data
» Kinship coefficients

. T
> |dent|ty by state ATGACCTGAAAC ACTGACGTGGAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

> Ident ity by descent ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGAT TGACGTGGAACGGT,

population structure
family structure
cryptic relatedness

1 H H ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
> Rea | IZed re | at 1on Sh | p ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

matrix (linear) x II

u~ N(0;02K)

» Sample random effect u.

» Sample phenotype y. .~\(ﬁ.+a.)

phenotype X K 1

N (yIXB; 0K + o21)
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

N (yIXB; 0K + o21) \

C. Lippert & O. Stegle

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.

family structure
cryptic relatedness

population structure
K

X

Linear models I: linear regression and linear mixed models
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

N (yIXB; 0K + o21) \

C. Lippert & O. Stegle

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT

ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs.

family structure
cryptic relatedness

population structure
K

X
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

N (v|XB; 0K + o21)

N (y[XB:02T) N (y|XB:02K + 021)

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

SNPs

population structure
K { family structure
cryptic relatedness
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

population structure
family structure
cryptic relatedness

» ML estimation is \ ‘ : -

. | I d d . ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]

ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
com p u t a t Iona y €mandin g ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
ATGACCTGAAACTGGGGGATTGACGTGGAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
ATGACCTGCAACTGGGGGATTGACGTGCAACGGT

N(y]X,B; UgK"—O'eQI) ? /

phenotype X K 1

N (yXB:0lI) N (y[XB;07K +071)
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Population structure correction

Linear mixed models (LMM)

» Corrects for all levels of
population structure.

population structure
family structure
cryptic relatedness

» ML estimation is \ ‘ : -

ATGACCTGAAACTGGGGGACTGACGTGGAACGGT]

ATGACCTGEAACTGGGGGACTGACGTGCAACGGT
comp utational Iy demandin g ATGACCTGCAACTGGGGGACTGACGTGCAACGGT
. 2 2 ATGACCTGAAAC TGGGGGAT TGACGTGGAACGGT

» Non-convex in ¢ and o°. ATGACCTGCAACTGGGGGATTGACGTGCAACGGT
g € ATGACCTGCAACTGGGGGATTGACGTGCAACGGT.

N(y]X,B; UgK"—O'eQI) ? /

phenotype X K 1

N (yXB:0lI) N (y[XB;07K +071)
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Population structure correction

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Model:

-log(pval)

C. Lippert & O. Stegle
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Population structure correction

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Model:

-log(pval)

-log(pval)
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Population structure correction

GWAS for Flowering Time in Arabidopsis thaliana

» Linear Mixed Model:

-log(pval)
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Population structure correction

Linear mixed models (LMM)
EMMA

» LMM log likelihood

LL(B, ag2,062) = log N (y\X,B; agK + O’?I) .

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)
EMMA

» LMM log likelihood
LL(B,02,02) =log N (y|XB; 02K + 021) .
» Change of variables, introducing 6 = az/agz

LL(B,03,6) =log N (y|XB; 07 (K + 61)) .

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)
EMMA

» LMM log likelihood
LL(B,0;,02) =log N (y|XB;0:K + 021) .
» Change of variables, introducing 6 = az/agz
LL(B,03,6) =log N (y|XB; 07 (K + 61)) .

» ML-parameters ,@ and Ug follow in closed form.

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)
EMMA

v

LMM log likelihood

LL(B, Jg2,062) = log N (y\Xﬁ; Jg2K + O’EI) .

v

Change of variables, introducing 6 = az/agz

LL(B,03,6) =log N (y|XB; 07 (K + 61)) .

v

ML-parameters ,@ and Ug follow in closed form.

v

Use optimizer to solve 1-dimensional optimization problem over §.

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)
EMMA

» LMM log likelihood

LL(B, Jg2,062) = log N (y\Xﬁ; Jg2K + O’EI) .

v

Change of variables, introducing 6 = az/agz

LL(B,03,6) =log N (y|XB; 07 (K + 61)) .

v

ML-parameters ,@ and Ug follow in closed form.

v

Use optimizer to solve 1-dimensional optimization problem over §.
O(N?) per SNP.

v

[Kang et al., 2008]
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

VglogN (v|XB;0; (K +61)) = Vg- ﬁ (y - Xp)" (K+d) "' (y — XB)
g

5 {_xT (K+60) 'y + X" (K +61)" x]
g
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

VglogN (v|XB;0; (K +61)) = Vg- ﬁ (y - Xp)" (K+d) "' (y — XB)
g

5 {_xT (K+60) 'y + X" (K +61)" x]
g

set gradient to zero:
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

V5 5o (v~ XB)T (K +61) ! (y - XB)
g
= [XTE Dy X (K 461 X]
g

set gradient to zero:

- 1 T -1 T -1
0 = ;g[x (K +0D) 'y — XT (K + 1) Xﬁ]
XT(K+6)'X8 = XT(K+o) 'y
Bu. = (XT(K+5I)‘1X)_1XT<K+6I)‘1y
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Population structure correction

Linear mixed models (LMM)

ML parameters

Gradient of the LMM log likelihood w.r.t. 3

Vg log NV (y|XB; 07 (K + 61))

V5 5o (v~ XB)T (K +61) ! (y - XB)
g

= [XTE Dy X (K 461 X]

g

set gradient to zero:

- 1 T -1 T -1
0 = ;g[x (K +0D) 'y — XT (K + 1) Xﬁ]
XT(K+6)'X8 = XT(K+o) 'y
Bu. = (XT(K+5I)‘1X)_1XT<K+6I)‘1y

Note that this solution is analogous to the ML solution of the linear
. -1
regression (XTX) XTy.
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 39



Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag
do? log N (y|XB; 07 (K + 61))

-5 R x5 - x9)
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag
do? log N (y|XB; 07 (K + 61))

-5 R x5 - x9)

set derivative to zero:
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

do? log N (y|XB; 07 (K + 61))

-5 R x5 - x9)

1 N _
0 = 5 |E X8 K (X
G = 3 v~ XB)" (K +oD) (v - Xp)
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Population structure correction

Linear mixed models (LMM)

ML parameters

Derivative of the LMM log likelihood w.r.t. ag

do? log N (y|XB; 07 (K + 61))

-5 R x5 - x9)

1 N _
0 = 5 |E X8 K (X
G = 3 v~ XB)" (K +oD) (v - Xp)

> Note that For every SNP we need to calculate (K + 61)~', which is
an O(N?) operation.
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Population structure correction

FaST LMM

N (yIXB; 0} (K +0T1)) . (2)

[Lippert et al., 2011]
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Population structure correction

FaST LMM
N (yIXB; 0} (K +0T1)) . (2)

=N (y|XB;o; (USUT +41)). (3)

[Lippert et al., 2011]
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FaST LMM

[Lippert et al., 2011]

C. Lippert & O. Stegle

Population structure correction

N (yIXB; 0} (K +0T1)) .
=N (y|XB;o; (USUT +41)).

=N (UTy|UTXB; 07 (S + 1)) .

Linear models I: linear regression and linear mixed models

September 2012

40



Population structure correction

FaST LMM
N (yIXB; 0} (K +0T1)) . (2)
=N (y|XB;o; (USUT +41)). (3)
=N (UTy|UTXB; 07 (S + 1)) . (4)

N (y[XB:02l) N (y[XB;o;K + 071)
[Lippert et al., 2011]
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Population structure correction

FaST LMM
N (yIXB; 0} (K +0T1)) . (2)
=N (y|XB;o; (USUT +41)). (3)
=N (UTy|UTXB; 07 (S + 1)) . (4)

Uy,

N (yIXB;02I) N (yIXB;02K +02I) N (UTy|UTXB;02(S + 6I))
[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) . (5)

» Factored Spectrally Transformed LMM

N (y[XB:;02I) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) . (5)

» Factored Spectrally Transformed LMM

» O(N?) once for spectral decomposition.

N (y[XB:;02l) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) .

» Factored Spectrally Transformed LMM
» O(N?®) once for spectral decomposition.
» Exact LMM solution N times faster than EMMA.

N (y[XB:;02I) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]
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Population structure correction

FaST LMM

N (UTy|UTXB; 07 (S + 1)) .

v

Factored Spectrally Transformed LMM

O(N?) once for spectral decomposition.

Exact LMM solution N times faster than EMMA.
Bottlenecks: O(N®) runtime, O(N?) memory for K.

v

v

v

N (y[XB:;02I) N (y1XB;02K +02T) N (UTy[UXB;02(S + 1))

[Lippert et al., 2011]
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Population structure correction

FaST linear-time mixed models

Using linear genetic similarity matrices

» In general: FaST-LMM has O(N?) runtime _
and O(N?) memory requirement. -

i (rites)

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012
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Population structure correction

FaST linear-time mixed models

Using linear genetic similarity matrices

» In general: FaST-LMM has O(N?) runtime _
and O(N?) memory requirement. N

» Special case: Linear kernel

pr—
g
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Population structure correction

FaST linear-time mixed models

Using linear genetic similarity matrices

» In general: FaST-LMM has O(N?) runtime _
and O(N?) memory requirement. N

» Special case: Linear kernel

pr—
g

> Spectral decomposition directly from SVD
of X -
Computation of K can be avoided. -
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Population structure correction

FaST linear-time mixed models

Using linear genetic similarity matrices

» In general: FaST-LMM has O(N?) runtime _
and O(N?) memory requirement. N

» Special case: Linear kernel

ime (mees)
g

» Spectral decomposition directly from SVD

of X v
Computation of K can be avoided. -

» For N > S, runtime and storage become e T
linear.
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Population structure correction

FaST linear-time mixed models
Using linear genetic similarity matrices

» In general: FaST-LMM has O(N?) runtime
and O(N?) memory requirement.

» Special case: Linear kernel

i (rewtes)

» Spectral decomposition directly from SVD
of X -
Computation of K can be avoided. -

» For N > S, runtime and storage become R S
linear.

» Total runtime O(N - S?).
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Population structure correction

FaST linear-time mixed models

Using linear genetic similarity matrices

» In general: FaST-LMM has O(N?) runtime
and O(N?) memory requirement.

» Special case: Linear kernel -

i (rewtes)

» Spectral decomposition directly from SVD
of X -
Computation of K can be avoided.

» For N > S, runtime and storage become R S
linear.

» Total runtime O(N - S?).
» Total storage O(N - Sc).
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

» Let K be rank k.
K = Usu™.

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

» Let K be rank k.
K = USUT = U;S,UT + U,8,U7

» S has k non-zero diagonal elements (S;), N — k zero diagonal
elements (Sy = 0).

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

» Let K be rank k.
K = USUT = U;S,UT + U,8,U7

» S has k non-zero diagonal elements (S;), N — k zero diagonal
elements (Sy = 0).
» U = [Uy, Uy, with U; € RV** and U, € RVNF

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models
Using low rank genetic similarity matrices

> Let K be rank k.

K = USUT = U;S,U} + U,S,U; = U;S,UT.
» S has k non-zero diagonal elements (S1), N — k zero diagonal
elements (Sy = 0).
» U = [Uy, Uy, with U; € RV** and U, € RVNF
> k-SVD of K can be computed in O(N?k).

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

» Let K be rank k.
K = USUT = U;S,U} + U,S,U; = U;S,UT.

v

S has k non-zero diagonal elements (S1), N — k zero diagonal
elements (Sy = 0).

U = [Uy, Uy, with Uy € RV*F and Uy € RNV F

k-SVD of K can be computed in O(N?k).

Uly and U7X can be computed in O(N - k) per SNP.

\4

v

v

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

» Let K be rank k.
K = USUT = U;S,U} + U,S,U; = U;S,UT.

v

S has k non-zero diagonal elements (S1), N — k zero diagonal
elements (Sy = 0).

U = [Uy, Uy, with Uy € RV*F and Uy € RNV F

k-SVD of K can be computed in O(N?k).

Uly and U7X can be computed in O(N - k) per SNP.

\4

v

v

N (UTylUTX3; O'g (S +41,))

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

» Let K be rank k.
K = USUT = U;S,U} + U,S,U; = U;S,UT.

v

S has k non-zero diagonal elements (S1), N — k zero diagonal
elements (Sy = 0).

U = [Uy, Uy, with Uy € RV*F and Uy € RNV F

k-SVD of K can be computed in O(N?k).

Uly and U7X can be computed in O(N - k) per SNP.

\4

v

v

N (UTylUTX3; O'g (S +41,))

# N (UTy[UTXB; 07 (S1+61a)) -

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

log NV (y|X; os (K + 1)) .

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

log NV (y|X; os (K + 1)) .

= _% (Nlog (2m0?) +log |K + 01| + %(y —-XB)" (K +61) " (y - xg)) .
g

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

log NV (y|X; os (K + 1)) .

- _% <n log (2707 + log |K + 61| + Uig(y —XB) T (K+1) ' (y — x,@)) .

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

log NV (y|X; os (K + 1)) .

= _% (N log (2707 + log |K + 61| + %(y —XB) T (K+D) " (y - XB)) .
g

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707 + log [K + 01| + Ui(y —XB8) T (K+1) " (y — Xﬁ)) .

2
g

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707 + log [K + 01| + %(y —XB8) T (K+1) " (y — Xﬁ)) .
g

log |K + 41|

[Lippert et al., 2011]

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 45



Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707 + log [K + 01| + %(y —XB8) T (K+1) " (y — Xﬁ)) .
g

log |K + 41|

log ‘USUT + 51‘

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707 + log [K + 01| + %(y —XB8) T (K+1) " (y — xg)) :
g

log |K + 41|
log ‘USUT + 51‘

log [U||S + 1 ‘UT’

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707 + log [K + 01| + %(y —XB8) T (K+1) " (y — xg)) :
g

log |S + 41|
log |K + 41|

log ‘USUT + 51‘

log [U||S + 1 ‘UT’

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707 + log [K + 01| + %(y —XB8) T (K+1) " (y — xg)) :
g

log |S + 41|
log |K + 41|

N
1
T
log‘USU +6I‘ > log (;——)

=1

log [U||S + 1 ‘UT’

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% <N log (2707 + log [K + 01| + %(y —XB8) T (K+1) " (y — xg)) :
g

log |S + 41|
log |K + 41|

N
1
T
log‘USU +6I‘ ;:1 log (;——)

log |U||S + 61| [UT k
og U] S + |‘ ’ Zlog(ﬁ)—F(N—k)log(?
i=1 m,n

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707) + log |K + 61| + %(y ~-XB)" (K +60) " (y - xg)) :
g

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707) + log |K + 61| + %(y ~-XB)" (K +60) " (y - Xﬂ)) :
g

a=(y—Xp)

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_%@mﬂ%ﬁﬂm@K+m+%@fmeK+m*@fxm>
g

a=(y—Xp)

a" (K+6I) 'a

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707) + log |K + 61| + %(y ~-XB)" (K +60) " (y - Xﬂ)) :
g

a=(y-Xp)
a" (K+6I) 'a

aT (USUT n 51) a

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_%@mg%ﬁﬂmmK+m+%@fmeK+m*@fxm>
g

a=(y—Xg)
a" (K+6I) 'a
-1
aT(USUT+5Q a

a"U(S+6I)'UTa

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707) + log |K + 61| + %(y ~-XB)" (K +60) " (y - Xﬂ)) :
g

a=(y—Xp) a’[U;, U] (S +6I) 7' Uy, Uyl a

a' (K+0I) 'a
—1
aT (USUT n 51) a

a"U(S+461)'UTa

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707) + log |K + 61| + %(y ~-XB)" (K +60) " (y - Xﬁ)) :
g

a=(y—Xp) a’[U;, U] (S +6I) 7' Uy, Uyl a

T —1
K + 61
a’ (K+9)""a [aTUL,a"Us) (S + 61) ! [aTUL, a " Ua)T
1
aT (USUT + 51) a

a"U(S+461)'UTa

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices

_% (N log (2707) + log |K + 61| + %(y ~-XB)" (K +60) " (y - Xﬁ)) :
g

a=(y—Xp) a’[U;, U] (S +6I) 7' Uy, Uyl a

T -1
K + 41
a’ (K+9)""a [@"U;,a"Us) (S +61) ' [a" Uy, a" Usl”

-1
a” (USUT n 51) a

(UTa)T (S, +01,) ! (UTa) +
a"U(S+6I)'UTa (Usa)" (Sz + 0In_i) "' (Usa)

[Lippert et al., 2011]

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012 46



Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices
1 1 -
-5 (N log (27rc7§) + log |K + 91| + ;(y —-XB)" (K +60) " (y - Xﬁ)) .
g

(UgTa)T (Sz + 5IN_k)_1 (Urzra)

[Lippert et al., 2011]

C. Lippert & O. Stegle Linear models I: linear regression and linear mixed models September 2012

47



Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices
1 1 -
-5 (N log (27rc7§) + log |K + 91| + ;(y —-XB)" (K +60) " (y - Xﬁ)) .
g

(Usa)T (6Iy_1) ' (U3 a)

[Lippert et al., 2011]
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Population structure correction

FaST low rank Mixed Models

Using low rank genetic similarity matrices
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» O(N - k) per SNP
[Lippert et al., 2011]
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FaST Linear Mixed Models

Using covariance genetic similarity matrices

» Bottleneck:
k-spectral decomposition of general K is O(N? - k).
» k-spectral decomposition of Covariance be computed in O(N - S. - k).
> X, € RN*5,
» For N > S. and k = S, this is linear in V.

» Total runtime becomes O(N - S?) plus O(N - S.) per SNP.

1 -~ -~
K. = —XX
5 (6)

[Lippert et al., 2011]
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